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[1] “It’ s the language God talks” : Wouk, The Language God Talks, 5.

[2] wuniverse 1is deeply mathematical: For physics perspectives, see
Barrow and Tipler, Anthropic Cosmological Principle; Rees, Just Six Numbers;
Davies, The Goldilocks Enigma; Livio, Is God a Mathematician?; Tegmark, Our
Mathematical Universe; and Carroll, The Big Picture.For a philosophy
perspective, see Simon Friederich, “Fine-Tuning,” Stanford Encyclopedia of
Philosophy, https://plato. stanford. edu/archives/spr2018/entries/fine-
tuning/.



3 answer to the wultimate question of 1life, the wuniverse, and
everything: Adams, Hitchhiker’ s Guide, and Gill, Douglas Adams’ Amazingly

Accurate Answer.
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[1] “a mathematical ignoramus like me” : Wouk, The Language God Talks,
6.
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BEZIErERFEANS: tianbooks

1 tell it diferently: For historical treatments, see Boyer, The

History of the Calculus, and Grattan—Guinness, From the Calculus.Dunham, The



Calculus Gallery; Edwards, The Historical Development; and Simmons, Calculus
Gems, tell the story of calculus by walking us through some of its most

beautiful problems and solutions.

21 To be an applied mathematician: Stewart, In Pursuit of the Unknown;
Higham et al., The Princeton Companion; and Goriely, Applied Mathematics,

con vey the spirit, breadth, and vitality of applied mathematics

3] pristine, hermetically sealed world: Kline, Mathematics in Western
Culture, and Newman, The World of Mathematics, connect math to the wider cul
ture. I spent many hours in high school reading these two masterpieces.

4] electricity and magnetism: For the mathematics and physics, see

2”

Maxwell, “On Physical Lines of Force, and Purcell, FElectricity and
Magnetism. For concepts and history, see Kline, Mathematics in Western
Culture, 304 -21;Schafer, “The Laird of Physics” ; and Stewart, In Pursuit
of the Unknown, chapter 11.For a biography of Maxwell and Faraday, see Forbes

and Mahon, Faraday, Maxwell.

51 wave equation: Stewart, In Pursuit of the Unknown, chapter 8.
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1] “The eternal mystery of the world” : Einstein, Physics and Reality,

51. This aphorism is often rephrased as “The most incomprehensible thing

”»

about the universe is that it is comprehensible. For further examples of

Einstein quotes both real and imaginary, see Calaprice, The Ultimate

Quotable Einstein, and Robinson, “Einstein Said That.”
2 “Unreasonable Efectiveness of Mathematics” : Wigner, “The
Unreasonable Efectiveness” ; Hamming, “The Unreasonable Efectiveness” ; and

Livio, Is God a Mathematician?

[3] Pythagoras: Asimov, Asimov’ s Biographical Encyclopedia, 4 -5;
Burkert, Lore and Science; Guthrie, Pythagorean Sourcebook; and C.Hufman,
“Pythagoras, ” https://plato. stanford. edu/archives/sum2014/entries/pyth
agoras/.Martinez, in Cult of Pythagoras and Science Secrets, debunks many of

the myths about Pythagoras with a light touch and devastating humor.

4 the Pythagoreans: Katz, History of Mathematics, 48 -51, and
Burton, History of Mathematics, section 3.2, discuss Pythagorean mathematics

and philosophy.



7o 55 IR

N T R E AR BRATT R R TT 1, el — MEagWfias, &
BEA 4, D SHARAER X . e, 7% KM
FEMH IS A F IR MEER L. — BN T 7T XAFE, M
ISR ] R G — Ell 2 R AR A

BRI AL, K2 B 70 TRARE AR 1X A 22 U e AE K& A 22 3
SRR AFAHER, REE—MAR D S —#5r, 1
HIVFEALRKEFIEE, ERMAR IS EER R4 AT
WEmMIE “BFRN7 , TR EMS LieEhL b, efxBolT
TR 70 2 B R RIS AETE 51 AT I AR . BARIEIN e ZI B W ok
B EERLE, EIEEIAT D DR R AR 0 B AT 2 S L T sg
BT AR, BRARTC 53 IR R AR AHRORIE Y 5 -

15 s AR 0 R AL SRk R X e ] F Ak, e 0 R IR T T R
Vo X nlRE SRR B TVE,  OABIAR 7 [ ok LR SR PR T HL,
AR, SRS RHER D R R R IR AGEE L 00001, HAE
BHek—F. (H2, HAAESHEMHHIME M. W TeiE e
HCOKFET, ERERARERATERK . EEERER, Z2EANE
BYOEM R R A . L b, B ORI T N LK
T 11 P — 125 e PRY AT e B 222 1 i

TRR 73 DR I T3 iR, % 1R T 80 i 13 22 1 BE ] B () 70
R, XA AR R o AT 1. BT AT T AR R IR AR KN
B, HXEERRE, RS ER SR TR HAEAS R LA A
PR SL R BIRAE T, IR 16 2 WU SRS R 2] 7 RS Bl



e LT IREE o EAZIE DRI 7r oA BRI LB, i A2 TE AR
BT > T %, BRI W) 7 UG 55 2 AN AU F BT LR
RHEIY . ZJF, BB RTINS0 ] e R
HRAN FE K1) S 06 1) e B 25 2 ARk o LIS 80 PRI Bk I A A FE T A0 1]
BB REFAGEER, X —PHEEEES K8, HEDASR
JELUE 1) RS 3 o

PRI, AR T2 NP PR U)oy M2 . AU RIESR U
D1y il i B 2 R LIRS MR IREH, HTEAS D Z [ R 2%
St XA AR . AR S W NIRRT InRis 5, R
F O B U ORIVEAR,  IXANER 7 B 727

KPS v H T BATRES R R T RVl oy PG 29, X985
IRV LR, PEUleN R LN, i, ERMA%, 8FFLE
MM, s EBHe ARz, AThisteindinis, 8
RIEE R 6. AR YR AR 385/ R[] Ta) B 5 AR 52 SRR 70 1Y)
MHX R, EATEieE JLF A2 IE LK.

THERIXACIE MRS T R EA] . AN R S b B IR AN AL,
RAEAEHF S RE EENEIRRZESLR, (HAER T2 RE
EIFARISE . AR TR AR AN B] ) o SR IE R AME, X
AN ENIANEE, R B ENIAFES KA B, IR
TPRAEJE SO B RIRVACEE, SR 00wt 47 FH B0 R A4 -

2 U, SR ROV IE AR SEAARSR A, 5 7 HATRE
EBNRJUFPTE R 0. AR 70w DA R Bk G o] A 8] Wt 8 T #13, Ot
WU AE K ISR I AL AR, 08 1S RSB BS ml RLAL 3 FA A ) e 2 i A
M eqIEa s €T, PUREE TR &7 k)5, A+
HIHIV CANAA G e [ 3 75 ) RIOREVR FEAE S TR IO H 7~ LA KR 4L R
[ FERFMIEOLN, SR R SRS H . Sei — IR mES:



W) 0 B TE 55 2 A TSR ER 70, AR 0 K E, e ftdRAE
.

BUTE, FATZ& ] AR XA KB 1
Fo53/Em

ATHRREZE-NEEGHKR, iRk, B8, TEIAE (IF
CERERA S LEHAER) , LeEHEELRELT ZA R LIRS
MM Ed, MATX I, RElGE R —&, HEEBRRWY
ARASFEAR



HEANETH

X UIME e+, BATR ZER LT 1T 2E, X PR UK A
Ty GEEORAE . PR AR T AT PR Al s R FH DI 53 A2 SRR 0 RO R DR A e 3K
RIS E 77 BRI, AHTE 55 8 728 SRR 00 Hh e NSRRI st
(BHEAREN) PR EE R R A B —FE, By
IR EARER] . SUEITA R = B KR #d —F, BA
A B St o A 3 B AT

R I B3 B AR TR ek, BRI I3 R F3 AN AT
Pidh. =%, EEREARIE, AkiEie. WEmEERAE. AN,
Br KBRS e R S AR AR G 55 1, BIUE /94T Y, ke B R E
Blo w2, —VIRSAL: WG 7 IEMESR, AIHERIEER
QG H WM R R . BPOETT A e &, XA
e B AR 112 5004 I SRR 2R &R -

F T AATT e U 0 220 ) S 8 R 28 55 B PR ) 2, B LR 5%
TACEM A AR A K 2. Bes 23N, (B8 —JFmIfaE
. A& 72 ER B e, T A T kR . A B F AR R A
Bt FERBUTHSE S, A THEIWNEREZ . KR &
BILHTZIL N, AL SO 0 IR A B R BN NEAZ



£k Bsh ARk

T3 IR B 585 T vk e A i 1 RO R . (HER 0 BE S
TRk, MEREAGRK. REZNE, =" 7R
Wik JE, BAND AR k. B EMARL 2 ik,

] G L K 1 A AT R, R T AR A O I E . KT
thk . sz ML i ER LR REIFAEE, ARERESSAN
5 HPEONENW kT Z RS IE RS, i bS53 Wi
LG HEE AT HIBAR, P LI SE iR AU fif R 5 S 068 SO ) kR AT
FATH R AR T IR RN . FATRAERE PRI E 3,
TRRATH L&, ElATEOHR B~ R EKE N,
I & A FHGPS B 2 TR B M1 5K 1) 5, AT 2 AR WASRIX B 1 50 7 R I 4
At

— VIR IG T2z k. EIXHE, AR ARF T, fREME
AR dhim et iR, LCUnAR B . AUS AR . EHER IR, T
AR s —RE KA E . N7 ibYR R Reshfa 5, B L
2 0 R E TRV g . BAR LR, 12 eq]
IR RE L MRS EEANZAR . betn, oo b A ERTH A AR R 5K IR H.
JeTE HIERIERE, ARG AR R . M AP A HEH 1
R B FEIX B AEAC RO B A PF T, R TEAIR 2 R N IR =K
HIE S VEXE L, DN EADFARH- P B . =ML IR
woHM, ST R, eI HEL. TN L AERRE
B FREMIERK. RIRESER, A FEHE. ANE
efEd B, WAk AT EAEENE, AR A AT A H
A, Gt S LR 2 S AR U e g o X B e (HE, [ R A



RBRT . BT NBESE D ERR IR I AR BRI 2 K, RIS KR
AT AR, R A AR — . AMIREANRE Z T AL E T,
WA BVE T BB B B2, FE DS i 4R v DL

TR L RAE X FE T 5 AR, B RAZE T T LA 5O B FE Y
I A o AP IUUIRR o [B] L BRAR AN ELA sl e FDR A2 At AT TR AN AR “ 52 2
PR, IXIFARBCEANTE R 7 A ERASEbRR A (2 —JF
AR » TR EIER TR E Rl SR EE SRS B g
HIPRES X —HF, LA 52 52 Pl AR g e ol 2 1) L, 5 DR D BAT T A2 A
H,

AL U2 R RNy “ i 2 se R P B k7, X
PR AT OR T R RE . RAE X AR HSE, HEATAT IERE LR
Wl A, ME—R AT, XEHFALILT /D, 1mHBETT
2o WERXNIIYHRE, Bosedd 1, X2 NI 53 R B
BN BT LAY R IR R A HIE 55 R W e ke, AN
U R A ot R T T S B R I R T W R L R R Y
GER AN L 8 (AR AR5y HGTs A 44 5 a0 1 fr 4 78
o EE ERMRRG T H. FrbL, i inE e B RN R
HRABE R IR RAE R, EAERN ERAATR). 241
2B DIOR,  H I b e 5 K BB SR AE 55 IR TT I A ML ) LR AR
Al BEILEMEE S AREEEREINES) , ABATA TR
2z i EHS TR, BATR SEFR2ETRER, HREHAMKAE
PR R Bl R R DR 2 TR A NS R R RN T S 1Y
e TR, PR FOER B MIm sl AR AT, s i EE
AR BT T R

= NATTIE 2 AR B il 2 A 5 LRI AR 4 1) 45 R, 50 ith 2 2 13
MIIRRIE R TAEAIIRERE . M2 B R B AR AL AL, ENTE A
I AR HS IAE AT BREG VD 2Rz rhr, 5 B A K B Tl G R B e % F



MR SIE S . BAk, ERRIMSCZ R R R MR M R g g R R
I, i A AR AR 75 2225 R IR AR R i) T B

THE, MNITTaaME RS R, Bt thER EARRH & iz
2k I MEERITE RIS, B A A R is s A b B
TIRRANMBEAE . AR 7 BHERFES, 0% 1 ERIR MR
N PEIE AR, e AT BAERE PRI T .. XEEZ PPk
RIEREFHIL GX2EN, [248 el « TRk 717 2lssh e
TR, AR T A RMA IR RS, REDYEAIMTE
W—DIER B b 2 Fo WEIHMERAEE, KR 7 RER
HAREREEAMRIE R LK, HiR Bk Al 2R — B AR AR,
ME— ) ) 2, A NBEEREIXSE A ] IR 3, Bl 20 T8k
M B WEEAMRREREEAT, RIEE I e K EE K I iE A

SRR SR 58 X A 55

AT, B A RER. AR FRBERET, BRiEsh
FE—HAR, EHSKHEENERES, 1TRENEa) it
A2, HERIRER) S, HEL R AT BRI sl B PR, 1 K R
e RE B S . AR, AATIIFASRITE 12 40 b B A AAS Iy
BT AMERZ B . RN SER DL 1 Hik & iz
B——5)RIE B ——MEF A, BVRE 5 T A g DA [H] . {HA2,
2T AR T AR AN BT AR I, — DDA AN E 1. FHALLE
W, IahERML—FF, 2 B ERAS R0 .

AT AEAB R PR ETRED], RSN —REREDIET
XMIZBNZ IR R o HURAE R 2 2 kI —FE, o 55 J5 0 7 Ok 3 &
e X M,&mmeﬁ@um,ﬁVTFQQM£@EE%ﬁ
ZARREE A s s AR r . T BRI X A RS, A8
R ARIEARE — S HUB PRIV B B AR R, B PAE. 1%
SRUBHT 6 Rk AR R, e M9RE BB IR A — i B R R2 3.



BAE1ZM (0.00180) W, BMEREFERAREMN AL EE
FERITRE KIER B . B4, fELC1ZMP RS2 KRl [AIRE (G55 /MK
e eI R D) A, FREARA A S, IONBNBEAR A PRAHERTH ] -

X EEAREILRIF R T AR 2 AT P —— Bl . B FE
WEFEANT AL AL (13 B IR AR PR TE 55 /N I B R B B A AL P = (B AE,
FEAEMRMT LA (2 0 AR R E T 2R, AE1TTE 2] _E e X
FE—I) HAbETC 55N M 2 BRI I R I AL . RS, AR —
FE NI & A Bt B 456 TUART S22 A ) Pl AT B SUEOR B A —
KAgAk, (Heme)id hig 2 X LS PR i 2, A/ AMITERRR. 17
e iyl AL TR 5 G R il 22 RS B 2 A B, fE
Hea ol k TIRELAIN R A ERE R )5, Moossing ks, E05F
Pl BRI RMAIHITE 55 10 52 2LV, 47 L2 5 I )
KAEI A —HERT T PR . AEIXFER SRR, SRR 20 IR fE I
INECE | e

ZJa, A NS TEERTRRBAE T . XD FER R F
N H R T EAAE AT 22Tl BAE, 3P
PBRERIE ST 1 o BRI IVE T XA T TR EE = . TR Rl
HERFEREN, AL, AnMIEET - AT H R S E R B R A
28 J5 H EC o

fih S S R TR B ERR T T, R B TR R 2R A% A
T AR vk, T H AR R, REM RGN v, Ed AR
W5 5 LSRG &k, MR 7 —Fogik, Al LAIEA LA il
REFRMI T 24 Ml (R Rmsking, s, ©. A
M) [RAT. AFXEE AT, BN UL DY
O, fBEATEL ¢ FAET AR i 2. TR — AN Ry, fE
Wk WASEETIN—. B 78, FWEtfef ke TRk a3
fEARTTA) R T



ZJa, MR T T E M. AU, AR R sh A AT L)
fENEHRM BN — AT T3 /NG, T HARA I %0 B A2 Ak #R G F AR 70 18
BRI ER. LA RO i RE (s s M4 51 J15E
), BLEERRE B M SR AT UL AT B B AT UEE N I T A B
Fo WA “HFARR” G 7 RAM, G 155830,
AR PR A, BRI B S MR N A T BRI . At 2 5
i) 1 FE S 3« AR (HZEF) AR AERNTHIIAL, ZNASA
CGREEFNENRRFD KRR < EBEE KIS « Qi & F 5
CNEATER TR (RIBAYDD PRLEANRD it 58 WM T
BUER, A SO A TR AL T BRI ECEE T, I IRE 1
KA TR SR o

TERUR T & 2R sh ke, R R e ISR = dR
AR —— 2 . KEAZRRMER A, REXAEZEE
FiR, HERREZHEE, tkin, SREMR, WREHRK; SRBE
i BBk, WIRRETS Nk, RZBABEEA RS, JaRRIHER 7>
MRt SEt 1 L8 e A ST AR s 3 N AR A AR 2
ABAEH T ANAR S FAT AL A S bk b RS i) e HE 2 AR
oy IR FAE i A e eF 4R S 7 5, Bl TN 2 B LA iE

TN ?

FEPATIXIZE KRR RS, fdR > — B S AR SIS &
T8, JuSet e A BRI T DTk, I SRS, B T
TAAERE, ARRA IR SR T . Ledn, 19174, Bl /R
EHRF « 2 DR BROR 20 N A i B 0 J - R AR A, AT S
H — R A W S L o A S . U Sk A AT T B
B RGO, FRPIR ) EREBUR 2 B R AL 3 7 1)
MIFEE, Rl — MG N A K 'R, 8RR 2 AT
Ko JUTHHEJE, XTI Z LR 55— 6 WHis T KEOLEE



201 2L 60 AR AT A, MBI, ek mpL. Bt SR, il
2% TN 313 DORT = PO 28 55 B 2 #1030 G «

AR A e A IR 22 U T AR AE V) B A U A 9 N3 . AR
R (SE A L T S AR, BB 70 1 BE X 10 AR e il t ok BEdn, 3k
LR 8 B 2 B — > i A 5 SO 3% Wt 98 38 3 ST ) o s R A
A, AERHIVIE G BRI PR R s R ke 21 1 A A1 E
XA SR AL DA AER T R REE AR A A TARIRIRES " 1 i
sy FEE, WERREIN RIS AR R ST E AR
FERAR 7 R ALHZ AR B T, 2% R HE YL KUK &7
RRINORUL, HIVIEG Q2 W LA 1 U0 2 A2 m] 42l ) 18
VEZRIA -

AN, JATH A — D AW R 2 g1, BRIy
[ 7655 T A R AR B R AR . B, R
JETAE, VI SO RE P T AR R BB AT B B SIS AR I 6
BN E IR T RIEET /1%, EMURE L, B7rissiiig
DREPE), BRAGERATEAME LA E, P DAIRAT =R 20k B 7 AT
R BB, EAHEEME SIS E R IR, AEIRAME T IXFE R
REPRJE, SRR X — IR RN JEK, Bl i e U5 7 AR IR R Y
AR .

REXL NHELVELS, (HEAZHEE: BEEFEINYE T A
A PR 5, AR RO B AROR A R FsE B, BRI
o WAVKAETFSCHE R, W5 &7 2L R H B 2 R 1
REMR, AMRT (BEEAREAED « CT GHENLBIE AR RIS
T IPET IR R AT R B B5E 1 5 At

DA RRE RN T T HIIES 17, 38, RAIK@ R
IS & “TE55 7 k.



1] stimulated emission: Ball, “A Century Ago Einstein Sparked,” and
Pais, Subtle Is the Lord.The original paper is Einstein, “Zur Quantentheorie
der Strahlung.”
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[1] beginnings of mathematics: Burton, History of Mathematics, and
Katz, History of Mathematics, provide gentle yet authoritative introductions
to the history of mathematics from ancient times to the twentieth cen tury. At
a more advanced mathematical level, Stillwell, Mathematics and Its History,
is excellent.For a wide-ranging humanistic treatment with a healthy dose of
crotchety opinion thrown in, Kline, Mathematics in Western Culture, 1is
delightful.
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1] an outgrowth of geometry: See section 4.5 of Burton, History of
Mathematics;chapters 2 and 3 in Katz, History of Mathematics; and chapter 4
in Stillwell, Mathematics and Its History.
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[1] area of a circle: Katz, History of Mathematics, section 1.5,
discusses ancient estimates of the area of a circle made by various cultures
around the world. The first proof of the formula was given by Archimedes using
the method of exhaustion:; see Dunham, Journey Through Genius, chapter 4, and
Heath, The Works of Archimedes, 91 -93.
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[1] Aristotle: Henry Mendell, “Aristotle and Mathematics,” Stanford
Encyclopedia of Philosophy,
https://plato. stanford. edu/archives/spr2017/entries/aristotle-mathematics/.

2 completed infinity: Katz, History of Mathematics, 56, and
Stillwell, Mathematics and Its History, 54, discuss Aristotle’ s distinction

between completed (or actual) infinity and potential infinity.

[3] Giordano Bruno: Drawing on new evidence, Martinez, Burned
Alive, argues that Bruno was executed for his cosmology, not his
theology. Also see A.A.Martinez, “Was Giordano Bruno Burned at the Stake for
Believing in Exoplanets?, ” Scientific American (2018),
https://blogs. scientificamerican. com/observations/was—giordano—bruno-burned-
at—the—-stake—for-believing—in—exoplanets/. See also D. Knox, “Giordano
Bruno, ” Stanford Encyclopedia of Philosophy,
https://plato. stanford. edu/entries/bruno/.
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[1] immeasurably subtle and profound: Russell’ s essay on Zeno and

”»

infinity is “Mathematics and the Metaphysicians, reprinted in Newman, The

World of Mathematics, vol.3, 1576 -90.

[2] Zeno’ s paradoxes: Mazur, Zeno’ s Paradox.See also Burton, History of
Mathematics, 101 - 2; Katz, History of Mathematics, section 2.3.3;
Stillwell,Mathematics and Its History, 54; John Palmer, “Zeno of Elea,”

Stanford Encyclopedia of Philosophy,
https://plato. stanford. edu/archives/spr2017/entries/zeno—elea/; and Nick
Huggett, “Zeno’ s Paradoxes, ” Stanford Encyclopedia of Philosophy,

https://plato. stanford. edu/entries/paradox-zeno/.
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[1] Quantum mechanics: Greene, The Elegant Universe, chapters 4 and 5.
LTx 5 « REURREEBEFER, REIER (ZILBUALIE) &, — W&

3] Schrodinger’ s equation: Stewart, In Pursuit of the Unknown, chapter
14.

[4] Planck length: Greene, The Elegant Universe, 127 -31, explains why
physi cists believe that space dissolves into quantum foam at the ultramicro
scopic scale of the Planck length.For philosophy, see S.Weinstein and
D.Rickles, “Quantum Gravity, ” Stanford Encyclopedia of Philosophy,
https://plato. stanford. edu/entries/quantum-gravity/.
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[1] Archimedes: For his life, see Netz and Noel, The Archimedes Codex,
and C. Rorres, “Archimedes, ”
https://www. math. nyu. edu/ crorres/Archimedes/contents. html. For a scholarly
biography, see M. Clagett, “Archimedes,” 1in Gillispie, Complete Dictionary,
vol.1, with amendments by F.Acerbi in vol.19.For Archimedes’ s mathematics,
Stein, Archimedes, and Edwards, The Historical Development, chapter 2, are
both outstanding, but see also Katz, History of Mathematics, sections 3.1 -
3.3, and Burton, History of Mathematics, section 4.5.A scholarly collection

of Archimedes’ s work is Heath, The Works of Archimedes.

[2] stories about him: Martinez, Cult of Pythagoras, chapter 4, traces
the evolu tion of the many legends about Archimedes, including the comical
Eureka tale and the tragic story of Archimedes’ s death at the hands of a
Roman soldier during the siege of Syracuse in 212 bce.While it seems likely
that Archimedes was killed during the siege, there’ s no reason to believe

his final words were “Don’ t disturb my circles!”

[3] Plutarch: The Plutarch quotes are from John Dryden’ s translation of
Plutarch’ s Marcellus, available online at
http://classics. mit. edu/Plutarch/marcellu. html. The specific passages about
Archimedes and the siege of  Syracuse are also available at

https://www. math. nyu. edu/ crorres/Archimedes/Siege/Plutarch. html.

4] “made him forget his food”
http://classics. mit. edu/Plutarch/marcellu. html.

[56] “carried by absolute violence to bathe” : Ibid.

[6] Vitruvius: The Eureka story, as first told by Vitruvius, is
available in Latin and English at
https://www. math. nyu. edu/ crorres/Archimedes/Crown/Vitruvius. html. That site
also includes a children’ s version of the story by the acclaimed writer
James Baldwin, taken from Thirty More Famous Stories Retold (New York:
American  Book  Company, 1905) . Unfortunately, Baldwin and Vitruvius
oversimplify Archimedes’ s solution to the problem of the king’ s golden
crown. Rorres ofers a more plau sible account at
https://www. math. nyu. edu/ crorres/Archimedes/Crown/CrownIntro. html, along
with Galileo’ s guess regarding how Archimedes might have solved it
(https://www. math. nyu. edu/ crorres/Archimedes/Crown/bilancetta. html).

171 “A ship was frequently lifted up”
http://classics. mit. edu/Plutarch/marcellu. html.



S 5 I %

APPAT R BV R B TTE R, AR T BRI P A
ek FRGELMIBE R . THE VAR . SRR e AR J I B el 5
HEA K, I EEGER D H, BRI, Ba, &
AET MR RS TP KR LD L

] K R e R g e e L L, ) 2 2L

B, BB —%ittE, WEGERZ P AREEE SR, WE2 -1k
TNo

E2-1



BB RN EL R LR . HPHCRUE D KE,
AT M B XA KR . B8, RRE—MbitE, BA
5 S B _EIFAN Rt B R, T S i AL . AT E
LGB —BOl, g =158 7 RDLE R L, aME & €/
TIRTE AR SEPR R . HEDERW F, @dELw 2 HEE, If
HAE— BB RE, JATRT LU ) BEAS B A5 550 H 152 % B A2 1)
K.

Bl SR 18 A Hh 6 2% ELER LR B AR T s, BEAT 7 — RANIXFER T
B ABZ P PLEFENNL N T, 2RO e DMEAER “ KA
a7, EEFARBORMERTFE ZRIE R .. NEENESET, B
FOREET DU S it T E R G, EISNIE — R EKE. B2 -
2N A KR B R AR 615, A aZefEle? BN UmEs
6N EEL =AM, ENREFRENRKRERSETRKFE (BH2-3) .

K2-2



2-3
Hrr, ek =MLt 1 /NdBr K.

NI B RS TR BB AR 645, AT 5 ] Ron Ny p=6r. T [E
FIAAK CRFNILIERI A K p, BATT 06 %€ AT LIS > 6 4518

XAV UEZS T BT Kl — AN 3] Ji R TR, lﬂzﬁﬁﬁ%ﬂ SRR
T, HEXNERKEAKSERZ. HANERE2r, ANERC>6r2E
=

_C_C _6r
d 2r 2r

=3

K, ZwuEid FR IR T >3,



9%, 62 N ARE /NP HL NIURARBAKG AR, EXE
B R PR — VI A W 6. AU H RN R s, 4k 1
B, IR DRI . MR OE R, SR BB BRI T s AL, F PN
WA AT B Es N — K2 (B2 - 4)

K2-4

ZJ5 s BAHEORAEAN W B I — vk . PRk i 62 B 1225,
SRIGF2455 . 484, 9625 (B2-5) , LA N KIBACHEZEHR
H T X R W 4 N D K



6 12 24

K 2-5

SRR, BB KRG N, A A R K, A A
R A 20 W 5 BSR4 K o 3 3t TR A PR G BT AR,
BRI BEAh, N T HRAR R K AN TR K, A S
I 24 75 T AL 55 R I A P 16, A BT AR T PR T 244
T A B B I, S BT R L IR

WA E, LR AEZE FIERAERA E, PRS- o H
RIAT N EB LR 26 . A8 B 5 N 3296100 TE AN R Ah 432963 T, At £ 2% 3IE B
n KF3+10/711M /N F3+10/70,

IEFATE N S, B — TSR

3+ 10{:n{:34_10

71 70

ARFNHAZAS AT FI w54 EUE “pREH 7 RE T, BHEMAD
AR LRI R B 18], eEATME— RO T, BT D o B2



71, e — AR ERT0. ARG LRI3+10/70 0] LIAL TR 922/,
EReS R A AENESA TR E A o BT, B2, W
AENRIERHE © A5,

R 35 DA AR A58 P ) S 3 ¥R S N A A i 0 K 22 T 3R 1 R S
Hidkatiz b, IR EHARAE ST 5%, BOVER R ME o e 4> 25
Bocnml, BEDHAWIME, FRESSGEE, ~ WIREEEES
ORI

58 2 J LA 5 e ] PRI 2o ORI, A AT, I A =
— AR EE——ME N T U R . i, BOLEAS
AR P RORE R L4, ABREE JURRA) RAR AR
B w o RAE VR DAAEIX AR S iR 2 3a H 55 b 25k B i [ 1) 1 AR S H
AR 7 Z LEAH AE HOESE , (H B R IR B AN I8 Y 23R 3. 14,
BRI A g Rt 2 — M55, RWIEATE 75 2P IR 2 U AR
V. Wt U, KA 0 AEFE AR S0, AT RO AR B
ZRIAR o T e 00 2 bl 2 P B b T D T AR B DA AR AR, 2k
] HORAEIRER B 1K, I H 9 WA 155 BA00 2200 26— 2D B RS 1) AL
SR B 2 w (RMEL, R RR I 2 AR 58— R

1] estimate pi: Stein, Archimedes, chapter 11, shows in detail how

Archimedes did it.Be prepared for some hairy arithmetic.
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[1] existence of irrational numbers: No one really knows who first
proved that the square root of 2 is irrational or, equivalently, that the
diagonal of a square 1is incommensurable with its side.There’ s an
irresistible old yarn that a Pythagorean named Hippasus was drowned at sea
for it.Martinez, Cult of Pythagoras, chapter 2, tracks down the origin of
this myth and debunks it.So does the American filmmaker Errol Morris in a
long and wonder fully quirky essay in the New York Times; see Errol Morris,
“The Ashtray: Hippasus of Metapontum (Part 3),” New York Times, March 8,
2001, https://opinionator. blogs. nytimes. com/2011/03/08/the-ashtray-hip pasus-—
of-metapontum—part—3/.
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[1] Quadrature of the Parabola: A translation of Archimedes’ s original
text is in Heath, The Works of Archimedes, 233 -52.For the details I glossed
over 1in the triangular—-shard argument, see Edwards, The Historical
Development, 35 - 39; Stein, Archimedes, chapter 7: Laubenbacher and
Pengelley, Mathematical Expeditions, section 3.2; and Stillwell, Mathematics
and Its History, section 4.4.There are also many treatments available on the
in ternet.One of the clearest is by Mark Reeder at https://www2.bc. edu/mark-
reeder/1103quadparab. pdf. Another is by R. A. G. Seely at
http://www. math. mcgill. ca/rags/JAC/NYB/exhaustion2. pdf. As an
alternative, Simmons, Calculus Gems, section B.3, uses an analytic geometry

approach that you may find easier to follow.
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[1] “When you have eliminated the impossible” : Arthur Conan Doyle, The
Sign of the Four (London: Spencer Blackett, 1890),
https://www. gutenberg. org/files/2097/2097-h/2097-h. htm.



o] F R A8 7 1%

FRELIEFF A S FRRT R KA, 2 IR At e [ T8 2 b i T B R
AR MIERNSE R, MRATE R R TR . b
SEZHHEHERG, ST HOKER, Em7E SRR ECE K
RS T 22 AR e A AR B B 1R L., A R, AN B b AR S ) 5
JriE Ll (EIRAE AR E MR ARSI . SN ARSI
FOE T, AR RIS R SCEA T S R A, TTH A
N8

b 72 25 L B PR AR T 0 SR A PR % T IR R 75, R JR
S 1L A PR R TR, TR AN — Rl B R ] K 1 T 1
$eoR . FISCKEIH K, RS TE “Ha Emirm” L2l
W, (EENRT T A AR, T LA B Mt 73 2 4 R T
(. TEMABEIASRE: A LR AT T RR SR, WRRATZ AT O
I F3 7 1 3545 T 5 ) BRSO s R, 4R e ket & A
S 7 HCEEVE, XX AT SR EAGE I, AR AT T
—EH TR, SRR T — R TR i R .

XX GG PERC AT SO SE iR o BUEHE A S — N T ENEY
Jiik, M= E G, BRI R . & B U R AR
20 ELool A AR R W B EAE ], BB B B P e i ATk R
s AN AT BRI .

B K B S5 B L T A A B e IR SRSk B LA AR
K A SRR AT, RBITRA M R R e Bl 7 xapE
JLPAE R BGBRIE . AT 548 b i TR A 78 502 1 T IR ok T A I3 7



B oA A R, MR BNEARZ HE 20, B “ BRI R
FRALAMEE” o Pra s F WA IR, BATRIE TR SR
To1b8,  HUERTEREA N A EFREL

FE R A O AR 2 SGIEW 2211, Bl R PEAE (I ERSKRARTED) (1Y)
TR ER I 56— RG] T IXAT k. AR, IR RIXANJ7vETR 51 A 58 R
TUEW], JFHER RS2 T 4/3 X

B EORIET A2 4, EE R R AE L a2 A ? X
NIES 15K, BIERIELEAR ) Sk hoE P VAT R 1 A 2
SR . TS i 5B XA R YR S (R ERR
J— B D BT I SR R R D, R R IE e UE — SR
BRTH)—dm. WERIREXR, W a] PLAR R B — S A8 R e A A
—i. &K, MRESRERUE A =ME (R 22 RE iR E
HIFEAR) ERX BRI B EPIRES,  TITHE S H R B3 26 5 12 (1Y)
A .

R EEBATAE HI SC A8 B SR PR B AR 2 S (ZAIERE ) 4%
Yy, XM E AR IIN TR, BOSEX ST, Al 2
BB I NSRS, I HARIEE R 5 IR RSP AR &
2, EATR R A R T R

NI 5 L T, a0 T A AR} SR A DR 4 40 26 170 %6 ki 2 T
HE (K2-18) .



K2-18

NJE, MBEITIR S 5B BRIBAR 1 BARTTVAI R BT
SCRA AR AREE, AR S IR N ERE SR =, IFhs EABC
GnkE2 - 19F7x . AESLARTE SCUEIT A —#F, XA = AR HIX oS =1
MbriE. WL 5 FERGREN =AM ELE, JFEHE R w
& R R e A AR 4/3



K 2-19

&R, BMELSIEEE - REZH=AADF (E2-
200 o



€2-20

=M ACDRI TTOA W% € NAE CR 5 MMM DI — 26 £, R 2
RBLAC, ML R — % AR A IR B2, 5TA%E T DR
A PR HERI KL BAT U, Bl EOREEUERY T AME =M I ACDR A 2 A
=M ABCH A AfE GXAEWAE G PR AR EE, JATIAE
HFHALEBHE ) .

ZJE s BRORTERME TR AR R, At e ALAT . 7
ANPEAIANSE 5o W2 - 21, ALA R A BEA R B, X5k 2k
Baa T Orl, @aidBrl, WOME=MIBACDER PR (LD Fil, A5
kB e SRR B S (PRAL) o BAE SHISRATE, ERFRMEERESC
B PRI AN SR . BAJTRTE, FRREBLSAN T R



P 2-21

DR BB N B D B g AR 2 R L T . R R T4
M= AR CEEEST, FEREE T N B AN = M TR ACDRI ) 2%
S G N—5BmAEL, Bl =P, i efI#a/Ed T
55 2 4 AT R AR, XSS B 2R i AR O PR AM i A 2 s i 4% . R T
TP R A R 2%, eI B B & F I AR i 3R
BHLRME. EIXKL L, — NMEMEEIME = AT ACDR LA 4)
kR, WKE2 - 22FR.



K2-22

WAk, BH — MK I = A TR ACD T4 5 THIG E R Sk,
K2 - 2377 .



PNIIES

& 2-23

S KA P AT LA s VR T I Bk —FF, R ZEIXLL )
KAMEE YA E E, EAT SRR EERPERES . IR T
fERERN I B S, MKW BRI, E SR 3 PR
A, K2 - 248K,



AL F S

SHIES

p

K4
FAE IR

K 2-24

RXANEREHN THARERL. LRIFREBEZMEERL, 3
R JE M 25 1 20 B SR iy LA Ml 26 AR 42 TRy, P 3 e e Tk 3T AR

=K

0 o

T8 XS W SR AR AL TP BDIRES, Pl UK A FE IRt A -
VDR 5 T 0 A B ok e 808 .55, EANNIATANME = A1 T2 ACDI P
AL R TPEDIRGS . B TR RSP A 8, XERE S
HR 2SIV 26 5 8 1K 5 B S s AR SRR 1K) M B = A TR ACDI) ot Fid
2 7P HPIRES

BTk, FREOKRAE B — N U T AMNE = AR ACD TE TS 24
%, XANEME=MABHELD, EHE TAABWR AT, XTEER
KA, X E AT B A% = A T ACDR) 458 TR B AR R R B — I EEO b
FORMEE A EER O, XA AL oL, mHER AP
PR B R I R R B SPKEI1/3.



HH T 4ME = M T ACDH) it & 31 5 s BR B 2 25 = T8 1 i /2 21 32
REEERIL/3, N TR BPERIRES . WL 5 T 1 it & A 4
B = IV ACDIR = 1/3, XA Em. Kk, Lk =5 e n
W SE SEAME = AT ACDHEAANI1/3 . AME=MATCACOHRTRR L ENE=
AT ABCHI AR AR, P3RS Sb4fE S, Lk 5 TR A E 2
W = HIEABCHIFR4/3, X FNFRATT Z A @ik = M IE e v e 55 2
HOR NS B &5 5 52 2 A0 [H] !

A BRI OLRIAERF IR TR R TR . fE
XH, PIECREIFA S DI R L, R R E R
BT L 5 AR I, BRFEEMY) N 4, RIEIEHAL
BRI A S AR SR T B BT IR BB B AT E A TIE 2 — B e 3
I 5 A AR, RAS T B] SRR S R R AR B 4 5 B A
DIy R 2 BN, AR5 EiEa R — A B G A A
JUBESE, BVFIRATTRL 1 4K 2 SRR AROR 26651

N A VX R UE TR L Ee ? Koy e ML Ts “niE”
fE—ilt. ERIEIRER A2, FEKREQ R IMNE =ML
ST I <P EAT AL LA, g7 4 ek 7 B
KT EE N, YEESE, XU T AR K. iR
R =B Z ST, XA R, R B
THET .

FIREM, BN S TR T 2 P T TAT 4 4R B
etk Lol MRam A fhit, SR T SETE 55 & M AN HE IR i AR
FARERERATTE, TARETHIEMEGIER. £ 5T
RIS, MG AR TR 7 v R RIS R
g7 161,



T 4 BT K 3B SR IOT,  HBELA —F  A—
R B9 % A EAAR T HERIONA ST, BTEK
TRUR 1 7, IR — L8 T % BB DR BB o - it
OB, PLERHOTE 97 RE E Sl 4 g L R BRIk, <
WRT “%7, JFHERIMSHRET “27 .

FEB A MR- AT/E B AME=MIE R — . BRI E
oy L AES R rh ikt — > —— B O RAUR AR . 5T 46 ik —
i, XMEMBM “&AhR—" « AAEXEAZRER, AR
0, MR FER I . AR S (R HOR B TR 34T+ 70 ™ Y
Wik B, =ML SRR B UG AR T 55 2 %1
B

JVE BT B RS A Dy e (S HT 1 T8 3 0 s g Jot (L ek 55 EC 3 7
WX AEEZENE AR GEFRE., mAREE AR 1
N HRALZTUR T XS TG 53 /NGB 73 B TE 53 RO R AR BR e it o T N
W] e 2 1k B [l I A SR, A 55 SR dE AT A B AL HE, (ELE s
WIRBEA T IET5 . W Tl LR R R o5 2 DL R B8 b 7 325 Rk
To53, B RORERT LR TGS . AR BRI AR, AR B SRR
ARGy — &, MR AR S 55k, HARNE, ek
o MAGNEH SRR R R ERAR, BREATHAE L, R
—ANERNE S —— FTEEHL, B HSEHUR 5 & B~

Br] S R A0 P X R iR R 1 5 M 2R Ok i HAth v 22 1) 7L
bbtm, Ab OB 7 SRk, I T A o A ER TR0 T E G . At
P ER—A R R AL e imgsn, LS T s R
WZIEAR =0 L

(B — A BRAR ™ 22 G GBI BHE — R AR IR &, anlEl2 - 250
TNo



[ 2-25

B R AR B, BRAR L3 1 B RS AR I2/3, ERER AR E
MEER2/3 (BiE&EE BT &R FBgat AR .« ERE, tifFka
7 M BRIA R R RR R TH AR A 30, 12 H LB R IR Al A 4 1. X i
R A it KA, BI— )0 ) LA BBk R TE . A — AN TAR R 55—
B, M —MARIE 5 — AR B R . T, ZHeEqTr Ry
FNHIVREBRT, i ARGl B i3 AI2, DA 2R 5 T TH A R 4 R0 3,
BIERIES B m MM EAD . BB3E, 3:2MM4: 322 A LR34y i A
RUEEATRRIR IR 3G OV EAHE SRk AR R 0 i 5 AR A e i 21 T
e fER . IR T, AMWIRERCEEZ N3 2 LA oAt il 7 5¢ 4 A [F]
125552, AT, PIFER S @MHELE, WX+ oM
e FIRE, WERMIRESZIREZ 43, ENIE a2



o AN 5 JUAT 52 2 18] () IX B G TS 5, € o Lk ] R A - 0 XK

{J}n& W

BATMBTH KA1 GEERE IR ot A2 B A 1 2 20 7
BE,  “ixit— B EIR S A ROk, [8LIUR e R A ML
RN E RS E T . 7 AERAT T & 0G5S, T
FAEAL I T b, B “Ixss— B R EIR 5 A ER I, FURAMTE
REEET” o (EXE, MRE IR ITE R TS BB —
RO RO B T2 . AR B O IE7E R BSR4 e s
BAil: TATE MG E LB EA B, TR K \eE. 5
%) « M BRITHR « B B AR OUE AT TR 103 R BN AR, BRAT
MRS R AE 5 DL E AR AR S, T LI e 3 S A1 O TF 7 0 55 £
A R . BRI B BT T A E, T DA T EE AR AL
ok CHonsesepEkik, BIABIREMR) , H— Babalds sk, ©01m
P T

=4 P A B ] FH KA A 18 T BRAAR 2R T AR AR B 2 i3 i R Al 1) 2 A
ZAFHIE RIS, BB A TR R . B R DI, A
AT IR B AR (UM FAT) PR BT

FUFRERAME L2 AR, HeHFEEe AR TIE. AT
£ (fr 5520 ) A (Ea) HERI R AN B 14 % 2 ML AL,
H AR ECA AT ARt , 282D 0 — VR BT IE AR PN 0o TR Ak 0 ]
KIEZIXFER o

22N B 2 R, Pl R LA Ah A AT A W 1l K B AR AR K R
LS E, Husgfed - NRRARPrEEELR, REANJLF
TN BEEMRIXAE ., (B R HK AL Ay 82 e g DL Rh 7 U2 IR o
RN [A) 2 i o B[RRSO B2 AR T3k, Ay BEAROR I LARE = R e Al
HE “RBBATHARZRFHEAMEHE” . HE, RAZBNE, BEK
WA 1 — N BRAE A . 7 3R, EIBIEA 2 B, PRI K



Peo Pail, RFBIFEARETILNIA FOARMARGEREI L. RE
SIBINZ « 3K « Zhay MRIIG . ARS0RI SCE R % MRk 2 5 NS0T A6
R A, FNE R B A TR AP RO 2, (EARAT AR WL fi]
FEORMET k. Bk, ATy ERIZ IR 1.

B2, B XELBHABRI T

1998410 H, —ABIHKH L #HBEE LB ZITZ 55
1, A0 44 H A NSO 2 L2205 S e I RS 40 T o« FEEHTHE
TAHHECZ N, R AT AR LA B PR 1O 228 (19 6 S5 R 1Y)
Bk, XATRESA: F13tha, eWERRFEPERT,
BEIF AN, HFES ER TIENALERCR. FZ, EL
T PRI A B8 SCOF R 8 0B R, PR B B SCA TR st 80 5 17 Bl S oK A7 7 1
MAFFIOA

BATIAE 2 miE, ks sALLE B e mT 18004, fEH
TR B AN T R e TR B . A R PRI £ 3 fe B A
B2 B — ARG L, B RS S SRS S o T ST A MR S
B B HLE BT AE B O BE R AR A 2 R b B, AR S
H A E RN HEAT TR O e R 5

[1] The Method: For the original text, see Heath, The Works of
Archimedes, 326 and following.For the application of the Method to the
quadrature of the parabola, see Laubenbacher and Pengelley, Mathematical
Expeditions, section 3.3, and Netz and Noel, The Archimedes Codex, 150 -57.For
the application of the Method to several other problems about areas,
volumes, and centers of gravity, see Stein, Archimedes, chapter 5, and
Edwards, The Historical Development, 68 - 74.

2 “does not furnish an actual demonstration” : Quoted in Stein,
Archimedes, 33

[3] “theorems which have not yet fallen to our share” : Quoted in Netz
and Noel, The Archimedes Codex, 66 - 67.



[4] “made up of all the parallel lines” : Heath, The Works of
Archimedes, 17

5] “drawn inside the curve” : Dijksterhuis, Archimedes,
317.Di jksterhuis ar gues, as I have here, that the Method aired some dirty
laundry. It revealed that the wuse of completed infinity “had only been
banished from the pub lished treatises,” but that didn’ t stop Archimedes
from using it in private.As Dijksterhuis put it, “In the workshop of the
producing mathematician,” arguments based on completed infinity “held

undiminished sway.”
[6] “a sort of indication” : Heath, The Works of Archimedes, 17.
[7] volume of a sphere: Stein, Archimedes, 39 -41.
[8] “inherent in the figures” : Heath, The Works of Archimedes, 1.

[9] Archimedes Palimpsest: See Netz and Noel, The Archimedes Codex; the
authors tell the story of the lost manuscript and its rediscovery with great
panache. There was also a terrific Nova episode about it, and the accompanying
website ofers timelines, interviews, and interactive tools; see

http://www. pbs. org/wgbh/nova/archimedes/. See also Stein, Archimedes, chapter
4.
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1] Archimedes’ s legacy: Rorres, Archimedes in the Twenty-First Century.

2] computer—animated movies: For the math behind computer—generated

movies and video, see McAdams et al., “Crashing Waves.”

[3] Shrek: DreamWorks, “Why Computer Animation Looks So Darn Real,”
July 9, 2012, https://mashable. com/2012/07/09/animation-history-
tech/#uYHyf6h0. Zq3.

[4] forty-five million polygons: Shrek, production information,
http://cinema. com/articles/463/shrek—-production-information. phtml.
[5] Avatar: “NVIDIA Collaborates with Weta to Accelerate Visual Effects

b2

for Avatar, http://www. nvidia. com/object/wetadigital avatar.html, and
Barbara Robertson, “How Weta Digital Handled Avatar,” Studio Daily, January

5, 2010, http://www. studiodaily. com/2010/01/how-weta-digital-handled-avatar/.

[6] first movie to use polygons by the billions: “NVIDIA Collaborates
with Weta.”

[7]1 Toy Story: Burr Snider, “The Toy Story Story,” Wired, December 1,
1995, https://www.wired. com/1995/12/toy-story/.

[8] “more PhDs working on this film” : Ibid

[9] Geri’ s Game: Ian Failes, “ ‘Geri’ s Game’ Turns 20: Director Jan
Pinkava Reflects on the Game-Changing Pixar Short,” November 25, 2017,
https://www. cartoonbrew. com/cgi/geris—game—turns—-20-director—jan-pinkava—
reflects—game—changing-pixar—-short-154646. html. The movie is on YouTube at



https://www. youtube. com/watch?v=gLQG3sORAJQ (original soundtrack) and
https://www. youtube. com/watch?v=91YRC7g2ICg (modified soundtrack).

2”

[10] subdivision process: DeRose et al., “Subdivision Surfaces.
Explore subdivision surfaces for computer animation interactively at Khan
Academy in collaboration with Pixar at https://www. khanacademy. org/partner-
content/pixar/modeling-character. Students and their teachers might also enjoy
trying the other lessons offered in “Pixar in a Box,” a “behind-the-scenes
look at how Pixar artists do their jobs, ” at
https://www. khanacademy. org/partner—content/pixar. It’ s a great way to see

how math is being used to make movies these days.

11| double chin: DreamWorks, “Why Computer Animation Looks So Darn
Real.” facial surgery: Deuflhard et al., “Mathematics in Facial Surgery”
Zachow et al., “Computer—Assisted Planning” ; and Zachow, “Computational

Planning.”
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[1]19ER~0. 305K, —FEIE

2] Archimedean screw: Rorres, Archimedes in the Twenty-First Century,
chapter 0, and
https://www. math. nyu. edu/ crorres/Archimedes/Screw/Applications. html.

[3] Archimedes was silent: In fairness, Archimedes did do one study
related to motion, though it was an artificial form of motion motivated by
mathematics rather than physics.See his essay “On Spirals,” reproduced in
Heath, The Works of Archimedes, 151 -88.Here Archimedes anticipated the
modern ideas of polar coordinates and parametric equations for a point
moving in a plane.Specifically, he considered a point moving uniformly in
the radial direction away from the origin at the same time as the radial ray
rotated uniformly, and he showed that the trajectory of the moving point is
the curve now known as an Archimedean spiral.Then, by summing 1*>+2%+...+n?
and applying the method of exhaustion, he found the area bounded by one loop
of the spiral and the radial ray.See Stein, Archimedes, chapter 9; Edwards,
The Historical Development, 54 -62; and Katz, History of Mathematics, 114 -
15.
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[1]  “this grand book” : Galileo, The Assayer (1623).Selections
translated by Stillman Drake, Discoveries and Opinions of Galileo (New York:
Doubleday, 1957), 237 -38, https://www.princeton. edu/ hos/h291/assayer. htm.

[2] “coeternal with the divine mind” : Johannes Kepler, The Harmony of
the World, translated by E.]J.Aiton, A.M. Duncan, and J.V.Field, Memoirs of
the American Philosophical Society 209 (1997): 304.

[3] “supplied God with patterns” : Ibid.
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[1] Plato had taught: Plato, Republic (Hertfordshire: Wordsworth, 1997),
240.

[2] Aristotelian teaching: Asimov, Asimov’ s Biographical Encyclopedia,
17 - 20.

3| retrograde motion: Katz, History of Mathematics, 406.

4] Aristarchus: Asimov, Asimov’ s Biographical Encyclopedia, 24 -25, and
James Evans, “Aristarchus of Samos, ” Encyclopedia Britannica,
https://www. britannica. com/biography/Aristarchus—of—-Samos.

[5] Archimedes himself realized: Evans, “Aristarchus of Samos.”
[6] Ptolemaic system: Katz, History of Mathematics, 145 -57

[7]1 Giordano Bruno: Martinez, Burned Alive
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1] Galileo Galilei: The Galileo Project,
http://galileo. rice. edu/galileo. html, is an excellent online resource for
Galileo’” s life and work.Fermi and Bernardini, Galileo and the Scientific
Revolution, originally published in 1961, is a delightful biography of
Galileo for general readers.Asimov’ s Biographical Encyclopedia, 91 -96, is
a good quick introduction to Galileo,and so is Kline, Mathematics in Western
Culture, 182 -95.For a scholarly treatment, see Drake, Galileo at Work, and
Michele Camerota, “Galilei, Galileo,” in Gillispie, Complete Dictionary,
96 - 103.

[2] Marina Gamba: http://galileo.rice.edu/fam/marina. html.

[3] was his favorite: Sobel, Galileo’ s Daughter.Sister Maria Celeste’ s
letters to her father are at
http://galileo. rice. edu/fam/daughter. html#letters.

[4] Two New Sciences: The book is available free online at
http://oll. libertyfund. org/titles/galilei-dialogues—concerning—two—new-

sciences.
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[1] chandelier swaying overhead: Fermi and Bernardini, Galileo and the
Scientific Revolution, 17 -20, and Kline, Mathematics in Western Culture,
182.

[2] “Thousands of times I have observed” : Galileo, Discourses, 140,
http://oll. libertyfund. org/titles/753#Galileo 0416 338.

[3] “the lengths are to each other as the squares” : Ibid., 139,
http://oll. libertyfund. org/titles/753#Galileo 0416 335

141 “may  appear to many exceedingly arid” : Ibid., 138,
http://oll. libertyfund. org/titles/753#Galileo 0416 329.

5] Josephson junction: Strogatz, Sync, chapter 5, and Richard Newrock,
“What Are Josephson Junctions? How Do They Work?,” Scientific
American, https://www. scientificamerican. com/article/what—are-josephson—
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[1] Johannes Kepler: For Kepler’ s life and work, see Owen Gingerich,
“Johannes Kepler,” in Gillispie, Complete Dictionary, vol.7, online at
https://www. encyclopedia. com/people/science—and-technology/astronomy-bio
graphies/johannes—keplertkjenl4, with amendments by J.R. Voelkel in
vol. 22.See also Kline, Mathematics in Western Culture, 110 -25; Edwards, The
Historical Development, 99 - 103; Asimov, Asimov’ s Biographical
Encyclopedia, 96 -99; Simmons, Calculus Gems, 69 -83; and Burton, History of
Mathematics, 355 -60.



2 “criminally inclined” : Quoted in Gingerich, “Johannes Kepler,
https://www. encyclopedia. com/people/science—and-technology/astronomy-

biographies/johannes—keplertkjenl4.

“bad-tempered” : Ibid.

“such a superior and magnificent mind” : Ibid.

“Day and night I was consumed by the computing” : Ibid.

“God is being celebrated in astronomy” : Ibid.

FEREE

“this tedious procedure” : Kepler in Astronomia Nova, quoted by
Owen Gingerich, The Book Nobody Read: Chasing the Revolutions of Nicolaus
»

3834. “sacred frenzy” : Quoted in  Gingerich, “Johannes  Kepler,
https://Copernicus (New York: Penguin, 2005), 48.
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1 “sacred frenzy” : Quoted 1in Gingerich, “Johannes Kepler,”
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[1] “My dear Kepler, I wish we could laugh” : Quoted in Martinez,
Science Secrets, 34.

[2] “Johannes Kepler became enamored” : Koestler, The Sleepwalkers, 33.
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[1] Al-Hasan Ibn al-Haytham: Katz, “Tdeas of Calculus,” and
J.J.0’ Connor and E.F.Robertson, “Abu Ali al-Hasan ibn al-Haytham, ”
http://www—history. mcs. st-andrews. ac. uk/Biographies/Al-Haytham. html.

[2] Frangois Viete: Katz, History of Mathematics, 369 -75.
[3] decimal fractions: Ibid., 375-78.

4 Evangelista Torricelli and Bonaventura Cavalieri: Alexander,
Infinitesimal, discusses their battles with the Jesuits over infinitesimals,

which were seen as dangerous religiously, not just mathematically.
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[1] René Descartes: For his 1life, see Clarke, Descartes; Simmons,
Calculus Gems, 84 -92; and Asimov, Asimov’ s Biographical Encyclopedia, 106
- 8.For summaries of his math and physics intended for general readers, see
Kline, Mathematics in Western Culture, 159 -81; Edwards, The Historical
Development; Katz, History of Mathematics, sections 11.1 and 12.1; and
Burton, History of Mathematics, section 8.2.For a scholarly historical treat
ment of his work in mathematics and physics, see Michael S.Mahoney,

“Descartes: Mathematics and Physics, ” in Gillispie, Complete



Dictionary, also online at Encyclopedia Britannica,
https://www. encyclopedia. com/science/dictionaries—thesauruses—pictures—and-

press—releases/descartes—mathematics—and-physics

2 “What the ancients have taught us is so scanty” : René Descartes,

Les Passions de 1’ Ame (1649), quoted in Guicciardini, Isaac Newton, 31.

[3] “the country of bears, amid rocks and ice” : Henry Woodhead,
Memoirs of Christina, Queen of Sweden (London: Hurst and Blackett, 1863),
285.

4] Pierre de Fermat: Mahoney, Mathematical Career, is the definitive
treatment. Simmons, Calculus Gems, 96 -105, is brisk and entertaining about
Fermat (just as the author was with everything he wrote; if you haven’ t

read Simmons, you must).

[56] Fermat and Descartes locked horns: Mahoney, Mathematical Career,
chap ter 4.

[6] tried to ruin his reputation: Ibid., 171.

[7] Fermat came up with them first: I agree with the assessment in
Simmons, Calculus Gems, 98, about how the credit for analytic geometry should
be apportioned: “Superficially Descartes’ s essay looks as if it might be
analytic geometry, but isn’ t; while Fermat’ s doesn’ t look it, but is.”
For more even—handed views, see Katz, History of Mathematics, 432 -42, and
Edwards, The Historical Development, 95 -97.
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[1] finding a method of analysis: Guicciardini, Isaac Newton, and Katz,
History of Mathematics, 368 - 69.

[2] “low cunning, deplorable indeed” : Descartes, rule 4 in Rules for
the Direction of the Mind (1629), as quoted in Katz, History of Mathematics,
368 - 69.

3] “analysis of the bunglers in mathematics” : Quoted in Guicciardini,
Isaac Newton, 77.
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[1] optimization problems: Mahoney, Mathematical Career, 199 -201, dis

cusses Fermat’ s work on the maximization problem considered in the main
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[4] adequality: Ibid., 162-65, and Katz, History of Mathematics, 470 -
72.
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[1] JPEG: Austin, “What Is...JPEG?,” and Higham et al., The Princeton
Companion, 813 -16.

2] how day length varies: Timeanddate.com will give you the information

for any location of interest

3] sine waves called wavelets: For a clear introduction to wavelets and
their many applications, see Dana Mackenzie, “Wavelets: Seeing the Forest

” in Beyond Discovery: The Path from Research to Human

and the Trees,
Benefit, a project of the National Academy of Sciences; go to
http://www. nasonline. org/publications/beyond-discovery/wavelets. pdf. Then try
Kaiser, Friendly Guide, Cipra, “Parlez—Vous Wavelets?,” or Goriely, Applied
Mathematics, chapter 6.Daubechies, Ten Lectures, was a landmark series of
lectures on wavelet mathematics by a pioneer in the field

[4] Federal Bureau of Investigation used wavelets: Bradley et al., “FBI

»

Wavelet/Scalar Quantization.
[5]1%a~4 046. 86 F K. — &

[6] mathematicians from the Los Alamos National Lab teamed up with the
FBI: Bradley and Brislawn, “The Wavelet/Scalar Quantization” ; Brislawn,
“Fingerprints Go  Digital” ; and  https://www.nist. gov/itl/iad/image-
group/wsq-bibliography.
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[1] Snell’” s sine law: Kwan et al., “Who Really Discovered Snell’ s
Law?, ” and Sabra, Theories of Light, 99 -105

[2] principle of least time: Mahoney, Mathematical Career, 387 -402.
[3] “my natural inclination to laziness” : Ibid., 398.

4 “l can scarcely recover from my astonishment” : 1Ibid., 400 (my

translation of Fermat’ s French).

[5] principle of least action: Fermat’ s principle of least time
anticipated the more general principle of least action.For entertaining and
deeply enlightening discussions of this principle, including its basis in
quantum mechanics, see R.P.Feynman, R.B.Leighton, and M. Sands, “The
Principle of Least Action,” Feynman Lectures on Physics, vol.2, chapter 19
(Reading, MA: Addison-Wesley, 1964), and Feynman, QED.
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[1] Descartes had his own method: Katz, History of Mathematics, 472 -73.

2] “I have given a general method” : Quoted in Grattan—Guinness, From
the Calculus, 16.

3 “] do not even want to name him” : Quoted in Mahoney, Mathematical
Career, 177.
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[1] found the area under the curve: Simmons, Calculus Gems, 240 -41; and
Katz, History of Mathematics, 481 - 84.

2] his studies still fell short: Katz, History of Mathematics, 485,
explains why he feels Fermat does not deserve to be considered an inventor

of calculus, and he makes a good case
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[1] Usain Bolt: Bolt, Faster than Lightning.

[2] On that night in Beijing: Jonathan Snowden, “Remembering Usain
Bolt’ s 100m Gold in 2008,” Bleacherreport.com (August 19, 2016),
https://bleacherreport. com/articles/2657464-remembering—usain-bolts—100m—
gold-in-2008-the—-day—he-became—a—legend, and Eriksen et al., “How Fast.”
For live video of his astonishing performance, see
https://www. youtube. com/watch?v=qs1bf8L9nl10 and
http://www. nbcolympics. com/video/gold-medal-rewind-usain-bolt-wins—100m—
beijing.

[3] “That’ s just me” : Snowden, “Remembering Usain Bolt’ s.”

4] we want to connect the dots: My analysis is based on that in
A. 0ldknow, “Analysing Men’ s 100m Sprint Times with TI-Nspire, ”
https://rcuksportscience. wikispaces. com/file/view/Analysing+men+100m+Nspire. p

df. The details may difer slightly between the two studies be cause we used



diferent curve—-fitting procedures, but our qualitative con clusions are the
same.

5] researchers were on hand with laser guns: Graubner and Nixdorf,

”»

“Biomechanical Analysis.

[6] “Art,” said Picasso: The quote is from “Picasso Speaks,” The Arts
(May 1923), excerpted in http://www.gallerywalk.org/PM Picasso.html from
Alfred H.Barr Jr., Picasso: Fifty VYears of His Art (New York: Arno
Press, 1980).
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HURERE . M IFE Sk Tz B A0 ith 4 1) AR Bt PR A2 — k2, BISZ T 4k
RIT o

16734, M3RAMERARFEME R TN “Wi 07 —ie, i
PEERZ “a calculus” (—NM D) , ABIESHSEYIHFRE N
“my calculus” GRS o MEUR XA —E S, Bl—
P T HAT BRI EER R . JER, 75540 )8 RN TAR 1k R
BREmETEEZ G, 52 MR FAH A E R, XA I
RMA “the calculus” (GARS;) o B, IUAEE W 7 16 A B
AR T, RETRIEEGAK “calculus” .

WH AR, calculusiXNMAIAR T AR ZHF. BEWERT
WtRcalx, BIE—H/NEk, ZIAZELERAEIBA CLETAATHIE A
Kt BT E RS 5t M R EAR 19 9515 B3] 10 F calucium (£5)
chalk CKZE) Mcaulk (CEH A 5. R G EARES Hcalculusty
RARBI Y5, R MIRBE A I 187 0 AAR I 2 b 1 1) A5
INEREI A B, BRAE XA ESRIBAIEG A . B &5 A At
i WURI A, AR SEAT JE IR LR 43 S BRER AL T 25 A AT 138
AR S G A R ARG A, Mk meREAESE A

[1] TIsaac Newton: For biographical information, see Gleick, Isaac
Newton. See also Westfall, Never at Rest, and I.B.Cohen, “Isaac Newton,” in
vol.10 of Gillispie, Complete Dictionary, with amendments by G.E.Smith and
W. Newman in vol.23.For Newton’” s mathematics, see Whiteside, The
Mathematical Papers, vols.1 and 2; Edwards, The Historical Development;

Grattan—-Guinness, From the Calculus; Rickey, “Tsaac Newton” ; Dunham,



Journey Through Genius; Katz, History of Mathematics; Guicciardini, Reading
the Principia; Dunham, The Calculus Gallery; Simmons, Calculus Gems;
Guicciardini, Isaac Newton; Stillwell, Mathematics and Its History; and

Burton, History of Mathematics.
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[1] “between straight and curved lines” : René Descartes, The Geometry
of René Descartes: With a Facsimile of the First Edition, translated by
David E.Smith and Marcia L.Latham (Mineola, NY: Dover, 1954), 91.Within
twenty years, Descartes was proved wrong about the impossibility of finding

arc lengths exactly for curves; see Katz, History of Mathematics, 496 - 98.

[2] “There is no curved line” : I’ ve updated Newton’ s spelling here
for easier reading.The original was “There is no curve line exprest by any
®qua tion...but I can in less then half a quarter of an hower tell whether
it may be squared.” Letter 193 from Newton to Collins, November 8, 1676, in
Turnbull, Correspondence of Isaac Newton, 179.The omitted material involves



technical caveats about the class of trinomial equations to which his claim

”»

applied. See “A Manuscript by Newton on Quadratures, manu script 192, in

ibid., 178.

[3] “the fountain I draw it from” : Letter 193 from Newton to Collins,
November 8, 1676, in ibid., 180.Again, I’ ve updated the spelling; Newton

wrote “ye fountain.”

[4] weren’” t the first to notice this theorem: Katz, History of
Mathematics, 498 - 503, shows that James Gregory and Isaac Barrow had both
related the area problem to the tangent problem and so had anticipated the
fundamental theorem but concludes that “neither of these men in 1670 could
mold these methods into a true computational and problem—solving tool.”
Five years before that, however, Newton already had.In a sidebar on page
521,Katz makes a convincing case that Newton and Leibniz (as opposed
to “Fermat or Barrow or someone else” ) deserve credit for the invention of

calculus.
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1] Isaac Newton was born: My account of Newton’ s early life is based

on Gleick, Isaac Newton.



ETTREELZE

1664-1665F 12K, AtiAE N B IR CESHEARY —1
N, (AR T T AR AR e L, e R SR AR T T T AR
Tk, BET AN RS

SERR L, RANAETE 55 TR A 1 7 —FhELVA . ARGt 53 B
I, AT HHE—AERMER, AR PSS A8 RS el #L
RT3 P8 B A WO | IXA S, EALXS HEtT 174, A
55 M AR IIRVE NI A Boc . B 8 & W ERE . SRR 2 il
T, TR T /5 xRy, 2 Hxd . A K IRA AR i WS AR A
T BHE -

A=t R EAR A TE TS N — R B ARE T R . BB, — AN
FNAE R 10FI L/ 100 i . &AL =& iFRAT, &
153 AL S 2 /DN 10801/ 10K T Bell,  m=3. 14=««XF 8 R T IX AR
SERIALA

3.14--- =3 x 10’ +1><(10) +4><( )+

B8, WRIEL T DEHER, BRI AT, /R 2
L 2 AT LI, WSS T LU JE 55 2 4> xR 7
“BCE” AR ek . R R E LR EE 2 DA F
KJ7, AT RET, AR T LR E IR S T



AR A JE 2 (B FR) TAR RN A SR AR B R k.l kXA
HE R AR BB i, AR R ORI T AN ET AR B R B
Zikt) . ABIFERA TR RRASHERIR b, e in 8 B 5 1/4 5, 1
e BET A RRR— “HSE” W, ErwEiy Hif
He0RIZ FIFEER Y, LERKEE (E7-8) .

M = A(x)

- <« y=|i-7

0 % |

K 7-8

RS — DA (AR EMIUFAET, BB sh— e
LR, Al AT PO W XA X IR 2 xR /N B3 0
i, A —AMinEENE S, B EEGRILEL AR
o WA XA B SRR N NBOIRX R Sl I, s



R AERIR——1/48 . FrEk, 8 BT ¥shhedl, An L
BT 0N Z 8] AR R /MR xe

s B it . B ECIR AN S & MEAE XA B O BT R B AR (At AR
AP 2R — A TR, AAWUR IR SRR EAR AT LU R
T (1 R EOR R -

_ 1 1 s 1 5 5 o
A=~ % —a* 13" ~ T158°

% TR A MO R, B SR b AT 4 R AR
T, KGR AR I RATT . AR XA T R I o A T
DLBERE AN T S AR e A Y8 e PR AR AR DGR, T LAk it i — B
sFms - LlrwmrEma S Rz o, BT RIS, i
BT Nl 2=1, RIGRRy, BEY=J1-X, @5, kP
WA T 12077, B~ - D) V2, iS5 s S a01/20k7 .
T 2 BT At A AR S5 ] SRR I -1/ 20007 (9 B 5 S TR, o
DA (136 7 A W G R AR IS AN BI2E) BT 92 3R et o T
XTI SR, 5 AN W R 2 5 e, DR 2RI R 37
TSI T E. TR, FHERT,,0-2L -2
- 2) 3o CEAMIE SNSRI . 2RISIXEERIEERD W R 2 TR
N, Az R T T A RIS, RIVENTEEAS R T 4 R R
BT, T30 L 5 R R IE 2 R AT TE FEI7 — 7 B 3 1 305 2 A i o P
WT AR RS 25, IS TR S A RS B R, KRR
R F BRI S TAR, R0 1 7 % 1/ 2007 1 5 5 T
CXRAME =A%) , FHH SR BRI AR, XAZRT
S ST T A T, 83 R B SO R R 1 B A A 4 O SR
A NI T



LGNSR E RSP PVAINER /- GRS ¢ ORI KKK G X2 I 2 Py VA=
[FIFE NP 22

1 2 1 4 1 6 5 8
m—— 2_ —_— = — — — | — — | et —_— e .
y=yl-xt=1-5x —ex’ - ex’ — e

REAMEZIRGEZ TR, HEX P OaM=E 7 AR
1o AT Z AL BRI R d i — R, IXHER “HERR” 2
MR A AU . BT 2R A2 x T AR R R A,
e i H, BARAEEAT ST RN S BRI (AR R
BO o FRS, AHBUE A DO R R AR EOTE (ERKRIEIEED
Kt &, BRI, . Sk, BrizEaUA Lt eEIH S KA. A
i PO IR, I AH O AT H At AE LR R Y R K, an SR A IR 9K
B BR8] 2 AP A i 236 B B SRR EL, WA eBriefibts

A A

HUIXHEE, 225 AR 2] 1A B AR . IR ith 2 e
PR PR, AL R GVESRE BT AR . 25 58 Bl 2 41 e A% B
RIS 28 bR KRGS S I [ ] S e R BOR Ut 17 EL AR /e — B DR, fE
T PR HAEAT L2 AL /2 5 TR . A SR R e E s K

A, sl 7 ki, BIXUHiZo=1/ (1+x) , I HRBEd
A DL R R 3

1

1+x:1—ﬂﬂﬂﬁ—x%hf—xi+“'




XA RBOGE AW H 7 B2 07 OB X 5 (1| 5 2 AW
fHH 20 L) D T AR BB R R . B SR BRSO A R g XLl 2 X
e, BATH R E R

1 #) 1 3 1 4 1 5 1 6
+X)=x—X" +X —X =X — X+ -
In(1 +x)=x FX T X X hgX X

RN A CK RGN R 56—, BN KR &
TR . B, BN S AREEEI IEAE BT TR S R E R R — A
VEIR A G IRl A ANAPEAR 505 B e NIt AT IR 52 1, Rt
—NNEHER DG EMENED . (HERERIAERD, 4
A P BOR DA\ BE B RE T 2RI 2 S5 AR g i gl A 5 I RCR B
EZ/NL SR

30 T I A& 1B LA “ AR H 7 P SR K 155 1, AR
FER] DRI 2] 166564F, FHEFENAMAEMA 4. GERRHEE KR
SO 1 O e N 1 N ) G < W1 N N (50 N ¢
http://cudl. lib. cam. ac. uk/view/MS ADD-04000/. ) ik F AT i
B IEE — #2230 (JRFEE 1057 A TH) , Res R I IE 78 L
BRIV T E S ORI — TR S, VR ] L 21 412 dnfe] 4t
il R R SR U RE K. SRS RIE 43T (JE R 2520 71 Y 1E
D), BHEMWMA XMERR” , URRHRREOTEL 1 EA
XA IR HORE A 215017

2 BE (9 N BE T Tt 50Ar (%0 K (VR 2 b Ao S P s £ T2 2% 34
Tk b 1 4 Ay e 2 R . S SR R AR X B BE T AT AN, A
RULMEATE I CRETFEIRMAREE T 200, RS K
TR, T IR SE R E R . 7 13



ME—HA BRI, NE%N. ZARMUE — KA FE A T S
figE 17— AN SRR R R AR TSRS R A T 28 Al 1R A
(K1, AEAl S R R B IE 1IN R

TE RN ST T AN TT 2 05, 2R At 4 M A 5 = Ay
M, PUOATER S, MR R, A P . ek =
o, MBI =M. A, RIS A CIZBERIA T .
RAEFA S LLRT, B R R R AL g I T TEa. 4%
Rl TF U 0R K T K. 160 S0, 0 07 A L J A - 5
W AT B2 M TR, 0 33 2 3R B T W ir or T 15 TR S 2 o B
O S7 5 T B . T A B S X e 4 3R 3 DL SC I RAE AN R
R, HARER TR Z02504 . FTLL, FRATENRE A RGZHULE] T 5
TRITEAE, KA —E B . N R AT, T EIE IR
FEFIOTRE, 2EWA ol A B 22 BT 6 00— B3k 2K 0L T 6 55 /N o ok
HITR -

X UI R T, AW R A 1Al XA SR 20 i B
ZEJJ. 71 7E, il BOREV o AR R AR AT S AR B R 2
CEEAnIESZ . A 52 AN 50 EI’ME b P, “AEETIRHEB T,

Lo Lyt i AR5 T Ak

[1] Newton chanced upon something magical: Whiteside, The Mathematical
Papers, vol. 1, 96 - 142, and Katz, History of Mathematics, section
12. 5. Edwards gives a fascinating treatment of Wallis’ s work on interpolation
and infinite products and shows how Newton’ s work on power series arose from
his attempt to generalize it; see Edwards, The Historical Development, chapter
7.We know when Newton made these discoveries because he dated them in an
entry on page 14v of his college notebook (online at
https://cudl. 1ib. cam. ac. uk/view/MS—-ADD-04000/32) . Newton wrote, “I find that
in ye year 1664 a little before Christmas I...borrowed Wallis’ works & by
consequence made these Annotations...in winter between the years 1664 &
1665. At wch time I found the method of Infinite se ries.And in summer 1665



being forced from Cambridge by the Plague 1 computed ye area of ye
Hyperbola...to two & fifty figures by the same method.”

[2] He cooked it up by an argument: Edwards, The Historical Development,
178 -87, and Katz, History of Mathematics, 506-59, show the steps in

Newton’ s thinking as he derived his results for power series.

[3] “really too much delight in these inventions” : Letter 188 from
Newton to Oldenburg, October 24, 1676, in Turnbull, Correspondence of Isaac
Newton, 133.

[4] mathematicians in Kerala, India: Katz, “Ideas of Calculus” ; Katz,
History of Mathematics, 494 -96.

5] “By their help analysis reaches” : This line appears in the famous
epistola prior, Newton’ s reply to Leibniz’ s first inquiry, sent via Henry
Oldenburg as intermediary; see letter 165 from Newton to Oldenburg, June 13,

1676, in Turnbull, Correspondence of Isaac Newton, 39.
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[1] “prime of my age for invention” : Draft letter from Newton to
Pierre des Maizeaux, written in 1718, when Newton was seeking to establish
his priority over Leibniz in the invention of calculus; available online at
https://cudl. 1ib. cam. ac. uk/view/MS-ADD-03968/1349 in the <collection of
Cambridge University Library.The full quote 1is breathtaking: “In the
beginning of the year 1665 I found the Method of approximating series & the
Rule for reducing any dignity of any Binomial into such a series.The same
year in May I found the method of Tangents of Gregory & Slusius, & in
November had the direct method of fluxions & the next year in January had
the Theory of Colours & 1in May following I had entrance into ye inverse
method of fluxions.And the same year I began to think of gravity extending
to ye orb of the Moon & (having found out how to estimate the force with
which a globe revolving within a sphere presses the surface of the sphere)
from Kepler’ s rule of the periodical times of the Planets being in

sesquialterate [three—-half power] proportion of their distances from the



centers of their Orbs, I deduced that the forces which keep the Planets in
their Orbs must be reciprocally as the squares of their distances from the
centers about which they revolve: & thereby compared the force requisite to
keep the Moon in her Orb with the force of gravity at the surface of the
earth, & found them answer pretty nearly.All this was in the two plague
years of 1665 and 1666.For in those days I was in the prime of my age for
invention & minded Mathematicks & Philosophy more than at any time

2”

since.

2 “baited by little smatterers in mathematics” : Quoted in Whiteside,

”»

“The Mathematical Principles, reference in his ref. 2.

[3] Thomas Hobbes: Alexander, Infinitesimal, tells the story of
Hobbes’ s furi ous battles with Wallis, which were as political as they were
mathematical. 11976.a “scab of symbols” : Quoted in Stillwell, Mathematics

and Its History, 164.Chapter 7 focuses on Hobbes as would-be geometer.

[4] a “scab of symbols” : Quoted in Stillwell, Mathematics and Its
History, 164.

[5] “scurvy book” : Ibid.

6] not “worthy of public utterance” : Quoted in Guicciardini, Isaac
Newton, 343.

[7] “Our specious algebra” : Ibid.
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[1] “His name is Mr.Newton” : Letter from Isaac Barrow to John Collins,
August 20, 1669, quoted in Gleick, Isaac Newton, 68.

[2] “send me the proof ” : Letter 158, from Leibniz to Oldenburg, May
2, 1676, in Turnbull, Correspondence of Isaac Newton, 4.For more on the
Newton—Leibniz correspondence, see  Mackinnon, “Newton’ s Teaser.”
Guicciardini, Isaac Newton, 354 -61, offers a particularly clear and helpful
analysis of the mathematical cat—and-mouse game taking place between Newton
and Leibniz in the letters.The original letters appear 1in Turnbull,
Correspondence of Isaac Newton; see especially letters 158 (Leibniz’ s
initial inquiry to Newton via Oldenburg), 165 (Newton’ s epistola prior,
terse and intimidating), 172 (Leibniz’ s request for clarification), 188
(Newton” s epistola posterior, gentler and clearer but still intended to
show Leibniz who was boss), and 209 (Leibniz fighting back, though

graciously, and making it clear that he knew calculus too).

[3] “distasteful to me” : One of the best zingers in the epistola
prior, letter 165 from Newton to Oldenburg, June 13, 1676.See Turnbull,

Correspondence of Isaac Newton, 39.

[4] “very distinguished” : From the epistola posterior, letter 188 from
Newton to Oldenburg, October 24, 1676, in ibid., 130.



[5] “hope for very great things from him” : Ibid.
[6] “the same goal is approached” : Ibid.

7] “I have preferred to conceal it thus” : Ibid., 134.The encryption
encodes Newton’ s understanding of the fundamental theorem and the central
problems of calculus: “given any equation involving any number of fluent

4

quantities, to find the fluxions, and conversely.” See also page 153, note

25.
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[1] “in the twinkling of an eyelid” : Letter from Leibniz to Marquis de
L’ Hospital, 1694, excerpted in Child, Early Mathematical
Manuscripts, 221. Also quoted in Edwards, The Historical Development, 244.

[2] “burdened with a deficiency” : Mates, Philosophy of Leibniz, 32.
[3] Skinny, stooped, and pale: Ibid.

[4] the most versatile genius: For Leibniz’ s life, see Hofmann, Leibniz
in Paris; Asimov, Asimov’ s Biographical Encyclopedia; and Mates, Philosophy
of Leibniz.For Leibniz’ s philosophy, see Mates, Philosophy of Leibniz.For
Leibniz’ s mathematics, see Child, Early Mathematical Manuscripts; Edwards,
The Historical Development; Grattan—Guinness,From the Calculus; Dunham,
Journey Through Genius; Katz, History of Mathematics; Guicciardini, Reading
the Principia; Dunham, The Calculus Gallery; Simmons, Calculus Gems;
Guicciardini, Isaac Newton; Stillwell,Mathematics and Its History; and

Burton, History of Mathematics.

5 Leibniz’ s approach to calculus: Edwards, The Historical
Development, chap ter 9, 1is especially good.See also Katz, History of
Mathematics, section 12.6, and Grattan—-Guinness, From the Calculus, chapter
2.
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[1] more pragmatic view: For example, Leibniz wrote: “We have to make
an effort in order to keep pure mathematics chaste from metaphysical
controversies. This we will achieve 1if, without worrying whether the
infinites and infinitely smalls in quantities, numbers, and lines are real,
we use infinites and infinitely smalls as an appropriate expression for

2”

abbreviating reasonings. Quoted in Guicciardini, Reading the Principia,

160.

[2] “fictions of the mind” : Leibniz in a letter to Des Bosses in 1706,

quoted in Guicciardini, Reading the Principia, 159.
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[1] “My calculus” : Quoted in ibid., 166.

[2] Leibniz deduced the sine law with ease: Edwards, The Historical
Development, 259.

3] “other very learned men” : Quoted in ibid.
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1] problem that led him to the fundamental theorem: Ibid., 236-
38. Actually, the sum that concerned Leibniz was the sum of the reciprocals of
the triangular numbers, which is twice as large as the sum considered in the

main text.See also Grattan—-Guinness, From the Calculus, 60 -62.

[2] “Finding the areas of figures” : From a letter to Ehrenfried Walter
von Tschirnhaus in 1679, quoted in Guicciardini, Reading the Principia,
145. 218 the human immunodeficiency virus: For HIV and AIDS statistics, see
https://ourworldindata. org/hiv-aids/. For the history of the virus and at
tempts to combat 1it, see https://www.avert.org/professionals/history-hiv—

aids/overview.
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[1] HIV infection typically progressed through three stages: “The
Stages of HIV Infection,” AIDSinfo, https://aidsinfo.nih. gov/understanding—
hiv-aids/fact-sheets/19/46/the-stages—of-hiv-infection.

[2] Ho and Perelson’ s work: Ho et al., “Rapid Turnover” ; Perelson et
al., “HIV-1 Dynamics” ; Perelson, “Modelling Viral and Immune System” ;

and Murray, Mathematical Biology 1.

3 triple—combination therapy: The results of the probability

calculation first appeared in Perelson et al., “Dynamics of HIV-1.”
[4] Man of the Year: Gorman, “Dr.David Ho.”

[5] Perelson received a major prize: American Physical Society, 2017 Max
Delbruck Prize in Biological Physics Recipient,
https://www. aps. org/programs/honors/prizes/prizerecipient. cfm?first nm=Alan
& last nm=Perelson&year=2017.

[6] hepatitis C: “Multidisciplinary Team Aids Understanding of

” Los Alamos National Laboratory, March

Hepatitis C Virus and Possible Cure,
2013, http://www. lanl. gov/discover/publications/connections/2013 -
03/understanding—hep—c. php. For an introduction to the mathematical modeling

of hepatitis C, see Perelson and Guedj, “Modelling Hepatitis C.”
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1 Cambrian explosion for mathematics: For the many ofshoots of
calculus in the years from 1700 to the present, see Kline, Mathematics in
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Mathematics; Dunham, The Calculus Gallery; Stewart, In Pursuit of the
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Mathematics.



43 75 R 5L AR EAS T P 7 SCA MR . 168T4E, AR
TAawmmi kgL mE TR R R T BEE
2L, ol 7 — AN TR (BRI EIRE] 1, BATAT DA
PRI . FF 28 e ER L 5 PR AP 2 14T 52 B o TR e
B, SRE—k, ARSI T HER S H A R AR A X . 7R
JG, RIEE— AN, RRER e E A Tty

EME = ARUREE (HRTZ0FCEFI)  GEE RN
CEEEY ), AW TE ST HUERIOIAR (R
BB 0 )1 S80S S B, W R, B R L B,
DL J% I 2EHIE R GRAE—ANEH M (1 R, LA ZE T 2 W PR A 352
fsE .« ISEHARIE, AR, Blesibnareemg, RASH
EEET”) .

SR, REFLELZNMBE AN, ATt mma ity s Ry
#) o, RE T REIE Ca gz I E AR SO R T 52 DI
BUR BEETs . ARSI e (U E T ERIN T . 8, XAERK
FEFE EARH ) B ERHER 7 oc T8 S TE] . R SRR L HE
WAS R FWAME, METHRM S, BXFERR A AN
MGETE A A RFE o

B, WA prE R R AR MEE T —F, B
FEAEADS R U528 LR 0 TR 5 S, IF DU T RE I AARIA
XKL, X AR KRR, IRl T B2 S FEEN. B
SR T TR R O 28 AT LT S B UE B — R, AR A IZ AR A T 3K



H—PHEEGH 7 —ARE, AAEZ R B —AF5 x5
AR, R MR AR A S A R

H AR5 B2 2 TB] A IR RS I 2w B 22 BRI R R T A A . R
BRI I T E RANE T S R R, IR ERR Y
BET o MTHNBAME, SUREZE, RRBREE, Ergst
FRURI E R 2 A5rh, il gt JU B . R8T AR Al e A 55 5
2, EENIIFA X RN H RS . £ AR+, BATEIR
TR OL, AT A LA —— Tl T RE N A —— B R
.

AR A XA A IR T SR e LR R SR — N AEAR R
XA TR, RO BRI IR AR IEE o B ZORFEXS 3l o 7 A
—P R, RIS . R HAR)LMSE SR TEE. SRR R R
SRHNTEL o TR, AEAR A R AR AN G0 A OIS ARt o, R B RS I A
FEW LA B Brd, T8 AAE R R 3 1 AR — A

A BV AZ O S AR AR I8 B 43 5 FE
F=ma

R EREEN TR~ ERMRKE, AT B
TR 77 P55 T 2R B 5 B S B W0 L aff) 3R AR . B2 L — Mk
IiRE, RN INEE S — 38 (WAREEE AR, BE oK
AERITEYL, BN Ml Z L.



FERXE, dvRRYIARNITE L vEETE 55 /NI 8] T8 b de N /TS 95 71N
AR Pred, R EFER TR 7 PE R m, 3ATH AT P
A5 R F=mad (i8I a=F/ e RO o N B Jese 1 R Bz 3
i3 R LS R AR A FEAE T — ARk = i 22 ik, M0k
3 B SCRT A5 YR ERAI YA R AL B X e 284l o WUIXHE,  F=mapl 1
Jekn, e RETIMI AR AR RIIAT N

B2 — T URBE AR B B o) B A2 o i S Bt — N IL 4
Wit F— B METE . EaUIEse? i, BT ER
AARHES e, (EH TR R =0, 3l Fefon0 (B
Wik B BER)D , REFWOER IR/ 1ra=0, XEWRAE dv/ dtth<5
T0. B, dv/d=0RMELETTTT /N [a] b depy, XA I
IR EEBAT B2, AE R — A ek Ja IS TE] T b Y AN = 38 . B
ZERFE, 2O DA ) 8 B 7K I ORAF ANAE o 3 A A2 AR g () 4B A28
7 ERAINMERREO T, fbfiEs - BREFILDRE, 8
ENHIVAEN 2 — BERFFZEIPRE, 1 HBEA T AR A,
ATV R 52 L ARk S, it A B B e T A= mal) SE TR JZ IR 32 4

450

AL EREZEAE], ARt RIE 1IN S b . Al A
A IR FC R T RS, R — AR R BISIE, e B ARTF
miib, BARSMSIEE LS. Ml ERS], A B
b Z25 1, e fEIE B AR AR e B PF, IR IR
R B LA AR

PO B A 2 AR, XA N ERNHED . R
2RI, VOV A B A REYRRIFES . AT
Ui, AR B SCBC AR OL MR SE At . A SRR B Ak s A AR b
Ha, R EHEE: —HARANE T, ErsteEibgal. Hx
R R 2 AT B B ESERORE, BB E M 2



FEIXEEEOL T, BB, BRI R AT HOL T e L
BIEATE

FEARAE) T B SR, SR IS T, AN R T
G R FEAN G| J KA H i I E VIR R, X2 B 4R 10
4K 2 BN B ARG, # RN EMAT) LI i kiR, BR4-
R B A 3 Sk (B LR AL . BB . HsRIRdEn
B RGN AZAE, MR CHEED S K. EHRARIE
SIINERVEEA 2K, e ke Rang?

AU B 5] 77 AT RE 2 SE AR 2] H BR B I 7 . flA Oy HERE
AT R — AN AR E BRI R E R FYE R RE, HS FESERA
A, FVERHIRASESM b, FOvE RN WAREREH s
MiEizsh. SRR WEE TS~ RBRERARAE,  H ERLE R [F i
T B, B 2R A, RN I e A 0 T Bl ) AR
PR, PAZE T H BRI Tk BIAAE S /R 7 i Ze B I8 47 B s Bk ER
M. BEEHBRAPUE W B, EITRINE GXIFAR U E M
AT, TREREE TS 1) « FLE)E S B LT 1] 2 Bk
JIFRFERAN WS8R, 7 2 B 0 FE AR AR O [l i B2, e e ) 1
R e bty (FERXAEIF 2t .

A= T 7 0 5 — e R AENT 51 7B BE S A ORI kS, X
R T AT 2Bk L AT B R OK BH e — JRI RIS TR G o AR TR SR
W, SRR B 3 AT B 1) 1 5 1030 vk Bt b Sk A ERIR B HLE 12 3)
W IR —F, EA TR SRR s . R, i
Hb RN H BR 2 T8] R R B e LASE A7 0 A, BT T8 51 705k 25 9855
NIFERIL/4 L2007 5 TiARL/2. anREATZ 18] 1P B A8 N IR
K36, Bl BRI AEREIL/9, MARZL/3. AffEilfIZ, 4
R L SR R ARAL, G 51 ) AR A BE R T ) L
RERDETE/E A GEIEEMER SEPRE) R, BtEasmnr R L%



R RAEMANFIER R W i, 105 S e AR Lt 3
EAE

P9 T R HAT R R, fARAE A A ERBIHER IR B (21K
HiBR 96045 FITLANET HERA BRI (027F) , (450 A Bk
Hi BRI 1 0 TR FEE o AR, Aot ) R B o B 5 R 3 i 4
SO A AR T8 A 0 D0 P HEAT T L. 2R R B B ek
HZE—ARET, THASANERE, XAETHEIES 600, HI60MHT
7o K TE A P I L R TR 5 ) BRE o 6 B B 0
3 W L B Ml B 96045, BRI A BRI S i 7 2% R 3 S
BEII1/3 6007547, JEaRAFREIZ L, A « it i H Bk EFLEE B
Dol H 5t ERE TS F1, HERBPEIEEBHL” .

AR, AN S FI s s E H Al RE 2 28 46 1) H BRI A8 E 2 AL
LA B 22U, AR N — VI N 5 IR A A 58
EW, MAEHTRAZIMITT, —YIREE. AFHKER . 46T
TR TR, st R g —iE ok, JF HUEWR eqIr e
FEHE R

TR BT J7 R LR R 02048 S5, 2R MR 5 4 R SR 24 AR
2 (g DA T I R, LB R R IS B . A B
T ok B 3R R 1 [ SR 25 okt T (B, AT SR 2R R e —
A H A LA B 1 3ok 16 ) S 45 %2, T EL A AT R AR R T 4T A e £
B RS [ K B R ] 4 BT 7 R L SRR, B4 AT R A A
SEHWE? PRV, B A RS o WA B XA L, 2R
m i Rz 6L, «mr, 7 ks e,
“URBEAKEER? 7 “EAROLELT. 7 B, YIS E R
b R A Bt R, A0 4G A AR RO AR SR . 3 00
%, Q3 B LT R 7 D8 5T 55 B 0 1) [ REFEE B, A 7SR PR
BTHEWEET JRE) —h,



R i iz s A 51 e AR R A B, IF AR AR N R L
R, ARHER] T R 0 = K M R e s AL i ms ot
VEERE . FFRIEERTE . BRIE T RN 73 ZOIE R 3 445 ) 4 40 £ it
— B, EATERRE T I b E R e mal A o IR R R T S T A i
AL R SO R, WA IR B s T ARAT. A AT
2 N AR T X, W@ REMTHEARL, 1nE R0 aEE
SKIRFLEERIT T “ BRIAEEENZ, BRILR AT AG] JAtiE
e RELm A EELEHESASL 7, FER R AR H
6 TR

1 system of the world: Peterson, Newton’ s Clock; Guicciardini,
Reading the Principia; Stewart, In Pursuit of the Unknown; and Stewart,

Calculating the Cosmos.

[2] ushered in the Enlightenment: Kline, Mathematics in Western Culture,
234 - 86, chronicles the profound impact that Newton’ s work had on the
course of Western philosophy, religion, aesthetics, and literature as well
as on science and mathematics.See also W.Bristow, “Enlightenment, ”

https://plato. stanford. edu/entries/enlightenment/.

[3] “made his head ache” : D.Brewster, Memoirs of the Life, Writings,
and Discoveries of Sir Isaac Newton, vol.2 (Edinburgh: Thomas Constable,
1855), 158.

[4] when an apple fell: For the surprising history of the apple story,
see Gleick, Isaac Newton, 55-57, and note 18 on 207.See also Martinez,

Science Secrets, chapter 3

[56] “force requisite to keep the Moon in her Orb” : Draft letter from
Newton to Pierre des Maizeaux, written in 1718, available online at
https://cudl. 1ib. cam. ac. uk/view/MS-ADD-03968/1349 in the <collection of
Cambridge University Library.

6 “In ellipses” : Asimov, Asimov’ s Biographical Encyclopedia, 138,
gives one version of this oft-told story.

7] followed as logical necessities: Katz, History of Mathematics, 516 -
19, out lines Newton’ s geometric arguments.Guicciardini, Reading the
Principia, discusses how Newton’ s contemporaries reacted to the Principia

and what their criticisms of it were (some of their objections were



cogent).A mod ern derivation of Kepler’ s laws from the inverse-square law

is given by Simmons, Calculus Gems, 326 - 35.



Ak )

P R [ 2P L ) T R FE AR OR, 7 0K R A AE D e A e B AR E
B RIERBATER TR FIFR 7> 225 00 A AZ O X 55

B4, AR PIAS RARZ BB 5] A EAF RN 28 o N
TR IEA A, BAMR R A —— K —— R 5T K Hif
IEAS), 1R —A——8E LT B ——%KMigs). &0, TES
KIAZIEA— RS, TNl E B, JFRI4ErEE
RS ENTTHIEs). £ BEE, TENEREEwS ML
B, XESEW 2 ENMLEZ R R AL/ MMIEE. BT E
BERALERS A AE, Frble S 21k B KR 51 73477 [ AT EAE
FWmEEAE . XAHR I CIRMAP T R e A ) X hshifr
B, ErIs T ERITRAE R —AJe55 /B TG & B AETE 5/
M CAI R FEmafidy ) o DABESRAHE, XA AR ok B Fr 2
%Ko A&, PRI /NG RED BRAER L AL R A T A A —
e, JLFEF G UT 2 B IZ T HUE

L, AR G0 (0 D739 SR A il 78Ul A2 — YRR I 53 TR U ) 2
2o Bl HERLEAN FAB NI TC T3 S5 W S T b 22 g, i 2R 26—
e NHTash 2 N RE AR EE LR, (HA e
P FAE A B M RE T e . IR £ R g — AT 21
BEA R R] AL B, AR bt VS — SRR AR o e B e R R i .
B 23 2RT BRI A7 B AR AR ORAE T 2 (A B AT IS )5 L

7653 JE U AR 73 2 5 BRAE AR A i 78 ik K A% T 5 — o A
HIFER e AR5 — kIR AR R UGS “ By ” i, ABdEAT 22 AR RH



A AR g sORRE 1o At BB 75 2 B LSS DU A TS D BRI 3K
i, (RIS iAok A e @ ? G SRARRRAR R, AR RTHE A Rl PR
I, 2

X Fe I AR o s R R B I 1 55— SR R R AR TS . AR
A, EUFEKM (—ANERBERAE) XFHER CRARERK/ MBI
—ANBERIEAE) (3R, REFEA AR KA 74
e E MERIBEA IR 7, MERTET, Py iX 28 R4 e 1A Y 2 A
[ o R BH T AR 57 b L T A R R R M ER B, PR I X M R R
TREMEI S G Seh,  RBH A PN TR 520 0l 16 A S iR 7 1A
frhdhek, ol RsREBORTEATS B SHERZ . X
BeS M N R AL S FEAE N . XA R S, A B RS
£ — S A RERE B A AL AR 0 TH SRR e A AR g pR i il il i
HA T8 —Fi LB R R T i ——=E M

FARBE MR T IZXA G, I H AT ik, s lE T2
TSR NMELLER KT BBERE KA RS EE
fyrply, BRI R —FE. MRAITFE SRR, TR RAMRR T,
ERIVBLIE AR RS — AR BAJTE UL, Al U A P AR AR AR R 22 [ 1 100
&, TN RORAUE ERIIERAR . T 5 R 8 ER 1 HAH !

Ak, AR TR e V2 AR R BAL B, e AT R B
H, HORHIHEHEEZ . N G, e 2ng T HAL T AT 2
A5 730 ek, Aak S 5] F3AF F 2 RV o V8 At R TE X 7
UCACAL BEAN T A B HERR IO IR, AEANIXRE S A 108 gl oV AR i
AIUE AR AL T IE AR 5 D BR A4, BE e A S B fhgs
HIBCA AR, M RE A E 2 I SR R AT . 8 T EE 2/
WA R R et NSk, A AR UAE S CARMl ™
VEPERTRA E T 138 At ) ORRIREAT. HXRLATE S A5



WL AR LT, T2 oy i J LA AR o0 R — b 23 5 () 25 5 R —— R
JUAT A SR B AR 5o

WU, FHERRHE KRS 14 7E Ml iishEL. (R
) AL A LT RgA% a0, A BRI B
il shfn gl Je ) W, JFHCelBEEERNIEA . £
BB R RAL 2 b, ARE 2 A A S A
& HAE W B4R &, B AN i — MR AT [0 3] 22 2 B 58 B B 2k A 3R
e MBBILERETANE N T ARIBEARZE OLAEA) —
RSN N T = A R (R Mo B #oF ke
WIHE =Gw N CRTFHIER) .

b I 2R B AR S IA Oy —FhbL] . 2 JF LR, g EAE
PRRAHE: EMARAEIER, ERMEARgE, ErTE E AR ES
Fria¥e, A& —PRIRKANATL. FEAHMR s RAEH, Jf
eI, IE SR, AR R AR AR A A B T R . R
FEMRDRAT 22 BB S8 K e 5% 1) — A I G P A i) AR, IR R IZ — 1155
BRI [R] (O R0CHE , oS bR BRIE, WA TN At P Bk 2 LA T PR
IR R PIT AL HIRZS o

AT JER L B, 2 HER . WIELA R S 54K
PR R AT 7t 2R A EREARE &, DLET IR
ERE8) 5 eI — 8, RICEFE VOB 74 E
BT, R L Rk R 1846 B R T . R A HL A
ERW, EEZIMIER MRIITE, BIEANR “BJE” IEE
WS M REE . R T X R RAT B E, HRIF
ZEAT LIS, e B AR Rl AE S B

[1] Neptune: Jones, John Couch Adams, and Sheehan and Thurber, “John

Couch Adams’ s Asperger Syndrome.”
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1] Katherine Johnson: Shetterly, Hidden Figures, gave Katherine Johnson
the recognition she so long deserved.For more about her 1life, see

https://www. nasa. gov/content/katherine—johnson-biography. For —her mathemat

ics, see Skopinski and Johnson, “Determination of Azimuth Angle.” See also
http://www—groups. dcs. st—and. ac. uk/history/Biographies/Johnson
Katherine. html and https://ima. org. uk/5580/hidden-figures—impact—

mathematics/.

[2] NASA oficial reminded the audience: Sarah Lewin, “NASA Facility

»

Dedicated to Mathematician Katherine Johnson, Space. com, May 5,
2016, https://www. space. com/32805-katherine—johnson—-langley-building-

dedication. html.
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1| boisterous toast: Quoted in Kline, Mathematics in Western Culture,
282. The account of the dinner party comes from the diary of the party’ s
host, the painter Benjamin Haydon, excerpted in Ainger, Charles Lamb, 84 - 86.



[2] Thomas Jefferson: Cohen, Science and the Founding Fathers, makes a
persuasive case for Newton’ s influence on Jefferson and the “Newtonian
echoes” 1in the Declaration of Independence; also see “The Declaration of
Independence, ” http://math. virginia. edu/history/Jefferson/jeff r(4).htm. For
more on Jefferson and mathematics, see the lecture by John Fauvel, “ ‘When
I Was Young, Mathematics Was the Passion of My Life’ : Mathematics and

b2

Passion in the Life of Thomas Jefferson, online at

http://math. virginia. edu/history/Jefferson/jeff r.htm.

[3] “I have given up newspapers” : Letter from Thomas Jefferson to John
Adams, January 21, 1812, online at
https://founders. archives. gov/documents/Jefferson/03-04-02-0334.

[4] moldboard of a plow: Cohen, Science and the Founding Fathers,
101. See also “Moldboard Plow,” Thomas Jeferson Encyclopedia, https://www
Deeper—-Agricultural Innovations, ”
https://www. monticello. org/site. monticello. org/site/plantation—and—
slavery/moldboard-plow, and “Dig/jefferson/dig—deeper—agricultural-

innovations.

[5] “what it promises in theory” : Letter from Thomas Jeferson to Sir
John Sinclair, March 23, 1798,
https://founders. archives. gov/documents/Jefferson/01-30-02-0135
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Papers, 281.
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1] ordinary differential equations: For ordinary differential equations
and their applications, see Simmons, Differential Equations.See also Braun,
Differential Equations; Strogatz, Nonlinear Dynamics; Higham et al., The

Princeton Companion; and Goriely, Applied Mathematics

2|1 partial differential equation: For partial differential equations
and their applications, see Farlow, Partial Differential Equations, and
Haberman, Applied Partial Differential Equations. See also Higham et al., The

Princeton Companion, and Goriely, Applied Mathematics
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[1] Boeing 787 Dreamliner: Norris and Wagner, Boeing 787, and
http://www. boeing. com/commercial/787/by-design/#/featured.

[2] aeroelastic flutter: Jason Paur, “Why f‘Flutter’ Is a 4-Letter
Word for Pilots, ” Wired (March 25, 2010),
https://www. wired. com/2010/03/flutter—-testing—aircraft/.
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[1] Black-Scholes model for pricing financial options: Szpiro, Pricing
the Future, and Stewart, In Pursuit of the Unknown, chapter 17

[2] Hodgkin-Huxley model: Ermentrout and Terman, Mathematical

Foundations, and Rinzel, “Discussion.”

3] Einstein’ s general theory of relativity: Stewart, In Pursuit of the
Unknown, chapter 13, and Ferreira, Perfect Theory.See also Greene, The

Elegant Universe, and Isaacson, Einstein.

4] Schrodinger equation: Stewart, In Pursuit of the Unknown, chapter
14.
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[1] Fourier: Kdrner, Fourier Analysis, and Kline, Mathematics in Western
Culture, chapter 19.For his 1life and work, see Dirk J.Struik, “Joseph
Fourier, ” Encyclopedia Britannica,
https://www. britannica. com/biography/Joseph-Baron—-Fourier.See also Grattan-—
Guinness, From the Calculus; Stewart, In Pursuit of the Unknown; Higham et

al., The Princeton Companion; and Goriely, Applied Mathematics.

2] heat flow: The mathematics of Fourier’ s heat equation is discussed
in Farlow, Partial Differential Equations, Katz, History of Mathematics, and

Haberman, Applied Partial Differential Equations.
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[1] wave equation: For the mathematics of vibrating strings, Fourier
series, and the wave equation, see Farlow, Partial Differential Equations;
Katz, History of Mathematics; Haberman, Applied Partial Differential
Equations; Stillwell, Mathematics and Its History; Burton, History of
Mathematics; Stewart, In Pursuit of the Unknown; and Higham et al., The

Princeton Companion.
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[1] Chladni patterns: The original 1images are reproduced at
https://publicdomainreview. org/collections/chladni-figures—-1787/and
http://www. sites. hps. cam. ac. uk/whipple/explore/acoustics/ernstchladni/chladn
iplates/.For a modern demo, see the video by Steve Mould called “Random
Couscous Snaps into Beautiful Patterns,” https://www. youtube. com/watch?v=CR
XL192wXw & feature=youtu.be and the video by Physics Girl called “Singing
Plates-Standing Waves on Chladni Plates,” https://www. youtube. com/watch?
v=wYox0JDrZzw.

[2] Sophie Germain: Her theory of Chladni patterns is discussed 1in
Bucciarelli and Dworsky, Sophie Germain. For biographies, see:
https://www. agnesscott. edu/lriddle/women/germain. htm and
http://www. pbs. org/wgbh/nova/physics/sophie—germain. html and  http://www—
groups. des. st—and. ac. uk/ history/Biographies/Germain. html.
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[1] “the noblest courage” : Quoted in Newman, The World of Mathematics,
vol. 1, 333.
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[1] microwave oven: For a very clear explanation of how a microwave oven
works as well as a demonstration of the experiment I suggested, see “How a
Microwave  Oven  Works, ” https://www. youtube. com/watch?v=kp33Zpr00Ck. To
measure the speed of light with a mi crowave oven, you can also use
chocolate, as shown here: https://www.youtube. com/watch?v=GH5W6xEeY5U. For
the backstory of mi crowave ovens and the gooey, sticky mess that Percy
Spencer felt in his pocket, see Matt Blitz, “The Amazing True Story of How
the Microwave Was Invented by Accident,” Popular Mechanics (February 23,
2016), https://www. popularmechanics. com/technology/gadgets/al9567/how—the—

microwave-was—invented-by—accident/.
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[1] CT scanning: Kevles, Naked to the Bone, 145-72; Goriely, Applied
Mathematics, 85 - 89; and
https://www. nobelprize. org/nobel prizes/medicine/laureates/1979/. The
original paper that solves the reconstruc tion problem with calculus and

»

Fourier series is Cormack, “Representation of a Function.

[2] Allan Cormack: The original paper that solves the reconstruction
problem for computerized tomography by using calculus, Fourier series, and
in tegral equations is Cormack, “Representation of a Function.” His Nobel
Prize lecture is available online at
https://www. nobelprize. org/nobel prizes/medicine/laureates/1979/cormack-
lecture. pdf.



[3] the Beatles: For the story of Godfrey Hounsfield, the Beatles, and
the in vention of the CT scanner, see Goodman, “The Beatles,” and
https://www. nobelprize. org/nobel prizes/medicine/laureates/1979/perspectives
.html.

[4] Cormack explained: The quote appears on page 563 of his Nobel lec

ture:
https://www. nobelprize. org/nobel prizes/medicine/laureates/1979/cormack—

lecture. pdf.



11 AR IR R

A B () B AT RE 2 LE AR EE YN TR o) 2 W H B AE B NI EIRVF
EEAZHRKE? CHACKL R T, A2m? £H2E, R
Mz P T B SR 18 o ARIEIX MU, 15 20 T AR WURI SR A JE I B AS Y
R, WAR D & ZIRIMIT 08 A f « AT R ILAE 18T 22 380K 1 AATD
T AR B0, A HAT PR RR R i sl O I — IS A b S
FRAE, A “ABEN” WARM 4R DRSS . Her K it
WOk TR N R, BB AR ELBEE 2 k. Brel, 19t ik L
REEAFX RIS L™ A3 “HBEN” BB 7T, HER T
R RIIE T3 KT T3, JUE 7R AR A, & W T ik
R, %, B Ase B JIE S . R0 Z8HT e, AR S 3 AR
[T S ECIR=

AR, BT AR B ERIRRE 1. 7 AR
W SRA e R M LT B TCCR , eI IR RG22,
SRR K XFBORUL, TR AT LR e BUAE 26K e FER PR
THEEESARRXESN, SR e ks 2, Ra——XK
i, w RIS A B RA SRR E MR HRES . PRI
AMEFARAETC T3 T o

T 55 TR I — FF UG A7 A - B AE B B KA 5 T b Ze IR i 25 A
, EEREEG T, EAES WA A RS, S EAERINTM K
v LARHRRIRAER . EAEGPS. FHL. BOCABLE N 1 A W i o Al
o REBFHERHCRAE 7 B a I IRacctt, s« B H
BRI T CTHM W, MAIARE S AR By (TR TIRECL
P, ARSI TCTEAR) WA 7. WX MEE, MR

& & &



T FARTEY) —— TR, R, ETizsh, ETER
W, RGN R ——RBIR S IEERE S, XEEDRZRLT
FRMTIESE, FFEICI5 R 1% CRIVERE It 1 AR WU S A Je ok
AR 7y, JFESE T ER TN 2R, Bk, W
Wi Re, MEMYr, Kot MLAEFEFE T LRIR . FH
RO HITA oAb 5o mBeal W, SRR ie e e 4, e DR — 4
RFNA 1) o

EHRETOHR, Kbk, AR NFEMU L. THFER
I FHIFA N Bk — VIS AR 7, ABAT B AR 78 7 X ARG
T WEEATHE ERRAMIAE 4, B 71, 5l o2
MR 7 3LASL, EG MAR 4B RIHAR 7338, AL, T2,
FAVE IR WA 0 SCH I T AR Ay, R T ez R riE
Bt FAVEHAR 7 U)o sl ] Befs 0 e N, SXRP0S BOR A 2
PR, EEVFRTE =, BN > A B (045 2k w e LR Y V) o
Ay, eSS E S M. FEWHN—AZ, FTIFAKX
SRR REBWKZ, XFMY)n ik @R, ik
HATS AL RFEA WA 7 1) — 87> . EEABH L, K
WA AR — D BAR ZHAERATI AT, ERITRZERR. G A
Mo

W, WRAI AT 2FERIARKYE? BB NATURAREE, F
ESARME, TR X AR . (HFIN A, AT DU AH R %
ARASVE RIS WAR D W RER LA EEE S, .

« MBS EASHF. TR, TRBPALARGGH A ;
c MRS EEFRAEMTABOFLELR;

o NATAER, LA R A B H R,



« WS AKEKERS, RZIIR;

o dFAME, RAA AR R ALK

« WAL i E (BEATFR) IMARBELGEEXR;
o CRARS AR 2T ARG

AR ZRW N E A RS, 5HX X BB AR T H L
JUA), ANINEvETHd JUAN R A2 TR 4ADNA (i A2 BB LR
HIfdor JURT il 262 k55 2 i f) SRR AE LR AR D 2 Jm, FRATTRE 7L —
SEREALVRIRTSE 2R R SR B, KR E iR, R R, LT
SEORLAM N T8 e 1 Wl 2 117 oK )31 5% 70 B 30 T ) ke . AR, DN T
FUHR RG], FATFHZE B FARLIEs) 2 EA R, X
BT BATT SR G M PR AR S SRORE T W A Bk



DNAR) 48 5245

fegi b, W —EBEMHTEYE Y. RICEAEZXFER
“BE7 B HIJLHEER, EHEN T AN AU, AERAT R
F OMEBEAEYE . AR EME AR ST HREERH .. AR
e, BATCEE R T ADEEEYERET, e, R 2 T
HEFARMLER, NHIVE R ARG AR RS, 5%, HAX
el T E S A 2 CRT AR SO R0 ST A % A
tEZF, Nk B H 2RI 42 3, — SR TDNAR =44
kRN E T 1B

AN R S DNAZE AR P “3T487 A 95, DNAE — a4
Ty AT —ANRER BT E AR B . ERIHKL107512
N, FANEEE 22K KIDNA. WSS AT FBAE, F54DNA
T LAZE M BRI AR 2 AR 3R LTk A, WREES T BE SRR, X
P AEIT 22844 NETRIEZ, & HU R T RATE A A
HIRZ A, T SDNAFTE NI A4 R L/, B T A B30 A i
— A SR [ AT PR P LA 20 5ok L 2 4 g P DNAK: B 194075 43
2 ARG RO S T 2035 K 48 T 9E B — ANk L

BEAh, DNAANBEMBE B ZE NG A% . B4 A REZESRAE — ik,
LA 7 177 ST, X AEDNAZ RERE B IR, It 1% Fe 2t P 4
FrAE s s R E A . AR RITET0ea — P EZEH, A
A2 4 53 4B DNA T DA 88 5 b 53 1

BEAE Al o 1 AT R, AT E AR IRAR K 2R B
SRBUH R 7% R A HUDNAZE S8 7E 7 1~ 2l |, X e gl iy — b



MR LA A RRFR R R . Oy 1 SeBldt— 2B I 4, Zelh (R Tk
ERBRT - FERME, BRI T SHESURA RS YE, X
BT YEAR S MR R . &%, I HERGSE, DNAYL L 46 A2
PSSR 78 A AZ K/ o

(EZRHIF AN K B AR R AT R [ R R AR i o 7 56 o sk b i B
FY A P 5T A A AN G AR Y BRI M AR, AR 4 DR B 4 T A 25
eI A, ERXEL T, BEY S s R L
] s MR R PLA R R Ai i B — 1, IRFLERE — AR, M T8
RALCEH I, FFNFA—miF e, WG, BRI S A=
PR AN AR, 2 R R L I FE R, AR
ANERFFIERS, MaRATHIFESEAERE ST, et
Mzl w4, BB B, SEOLT RS, DNAE AT .

KR RPRR IR et , A E TDNARIMIRE b . R
FATMBT 1) - SEDNAGH 22 s P i T FSC) ELBR e, (HEEVFZ 500, ExH
WHE B BRGNS, wlr AT IR 2 40, UE
il JURHE E—F . B 2 e M iR T ——ERiE
1o AT ZaWRIER T, WRRRABARL — e, HAibh
J7 e B I A HORAR T X PP . Horb, A7 28 p fE e RS A
e SRIEA e bl FH BB SR s T LB HEME L B, 2 5 2R R R Y
Flg. MR EICECE B E A ORI, R AERE T B .
X, SR ARG . SRR st m] DS R kAT, B AR Dy 4
58, BUGARBCTAEH HN R AE T S A JRURZEYIRIDNAIE SR A T
XPhGER, FLefg el DIDIEIDNA, e, EieEARER. 4
DNADY T FAAR L RE S I ACFA H b B, <+ Al 2 38 156 e A M e AL e
FErgom, ARERRERE. XK, DNAZP TR A BT —
AFIETA, TR 7E =47 H] h SR



20T A2 T0EARHT, 2 EBFFATE T « B BRI T 9 T-DNAKY
SR SRR RO . R T — A EDNAZE S 2L B, B
DRGSR S IAR, EV T TR MR B, M T
IR R () S B . IR, 5= TDNAR JLAT 2 Fan 23 L
TR — AN TERN R SRl . B 5 © G FH 4145 T8 1o 00 48 45 AR 4
L4 i 7 B S A FRALAR, 33 G T LAHTL S B EUDNA, B 4 5
EHESINDNA, F T B s T DNARIR A G, DR R 9
BT . AT ET LA DR T BEDNARE , b 4 F 3 B A K ) 5 o
FEIVER . ZIESE, AR asT gmra o . UL R
VEFINLEI AT 2, (HAATIAA, SXESZEM CRERR 94 157 M g )
FD) ST OB R R, TT AR MR R 4 AODNA,
SR AT 1 2% o N B R VAT B, X PR SR U I 2 R

FERF IR 73 DL B SR REDNAR ,  XUR e e A Oy — 2R iE B h 28
PRR T — I BRAE L 5 AL BE LT G, (HEFHSL B, DNAE —RE B HUH IR
T, BRAH AT REIEELSLN]. H2, N 7AEGFRELT, DNAR]
PR R BRI — RS 4. XA aF AL A, AR 2 1Y)
P il —— 3 PR A T LA —— ] i S DNARZ 2R 5
AR LS HSHEERK AN, Exif.

TEER—RZ, MR IES: e —BEENE, KRBT R Y
TEESARORAE T, TERENTAT N XMEAUE I, H
HARA M. R, XERRNIMEFIESE. BaESEERR, B
TR T RN AL BN, A AW, UASHE MY
JUT RIS E i

AR, RRBATRE 2 2 R bR 7 AESE R 2 M T R A
AU M BIBT, LRk . EARAAEY T R
X7 A R o RATHE B SRR AT % SRER R WS AE
KZ T, UETARANE. BRIFFATIF R —Fgr A 2 3,



B MBAE SR & ] TS R G REE F TR R S, S TEYs
R PR £ ZE W R B AR 7 T 4k 224 5 AT

[T 13K=10 - 6K . —— & TE
[2] writhing number: Fuller, “The Writhing Number.” See also Pohl,
“DNA and Diferential Geometry.”

[3] geometry and topology of DNA: Bates and Maxwell, DNA Topology, and
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Wasserman and Cozzarelli, “Biochemical Topology.’

4] knot theory and tangle calculus: Ernst and Sumners, “Calculus for
Rational Tangles.”
51 targets for cancer—chemotherapy drugs: Liu, “DNA Topoisomerase
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1 Pierre Simon Laplace: Kline, Mathematics in Western Culture;

C. Hoefer, “Causal Determinism,

https://plato. stanford. edu/entries/determinism-causal/.

[2] “nothing would be uncertain” : Laplace, Philosophical Essay on
Probabilities, 4.

3] Sofia Kovalevskaya: Cooke, Mathematics of Sonya Kovalevskaya, and
Goriely, Applied Mathematics, 54 -57.She is often referred to by other
names; Sonia Kovalevsky is a common variant.For online biogra phies, see

”»

Becky Wilson, “Sofia Kovalevskaya, Biographies of Women Mathematicians,
https://www. agnesscott. edu/lriddle/women/kova. htm, and J.J.0’ Connor and
E. F. Robertson, “Sofia Vasilyevna Kovalevskaya, ” http://www—groups. dcs. st—
and. ac. uk/history/Biographies/Kovalevskaya. html.

»

4] chaotic tumbling of Hyperion: Wisdom et al., “Chaotic Rotation.
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[1] Poincaré thought he’ d solved it: Diacu and Holmes, Celestial

Encounters.

[2] Chaotic systems: Gleick, Chaos; Stewart, Does God Play Dice?; and

Strogatz, Nonlinear Dynamics.

[3] predictability horizon: Lighthill, “The Recently Recognized
Failure.”

41 horizon of predictability for the entire solar system: Sussman and

Wisdom, “Chaotic Evolution.”
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[1] Poincaré’ s Visual Approach: Gleick, Chaos; Stewart, Does God Play
Dice?; Strogatz, Nonlinear Dynamics; and Diacu and Holmes, Celestial

Encounters.
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[1] Mary Cartwright: McMurran and Tattersall, “Mathematical
Collaboration,” and L. Jardine, “Mary, Queen of Maths, ” BBC News Magazine,
https://www. bbc. com/news/magazine-21713163. For biogra phies, see
http://www. ams. org/notices/199902/mem—-cartwright. pdf and http://www—

history. mcs. st—and. ac. uk/Biographies/Cartwright. html.

2 “very objectionable-looking diferential equations” : Quoted in
L. Jardine, “Mary, Queen of Maths.”

3 “equation itself was to blame” : Dyson, “Review of Nature’ s

2”

Numbers.
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[1] Hodgkin and Huxley: Ermentrout and Terman, Mathematical Foundations;

Rinzel, “Discussion” ; and Edelstein—-Keshet, Mathematical Models

[2] Mathematical biology: For introductions to the mathematical modeling
of epidemics, heart rhythms, cancer, and brain tumors, see Edelstein-—
Keshet, Mathematical Models; Murray, Mathematical Biology 1; and
Murray, Mathematical Biology 2.
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[1] computer chess: For background on AlphaZero and computer chess, see
https://www. technologyreview. com/s/609736/alpha-zeros—alien—-chess—shows—the—
power—and-the—peculiarity-of—ai/. The original preprint describing AlphaZero
is at https://arxiv.org/abs/1712.01815.For video analyses of the games
between AlphaZero and Stockfish, start with https://www. youtube. com/watch?
v=Ud8F-cNsa—k and https://www. youtube. com/watch?v=6z1048Sgrck.

[2] the dusk of 1insight: Davies, “Whither Mathematics?,”
https://www. ams. org/notices/200511/comm—davies. pdf.

[3] Paul Erdds: Hofman, The Man Who Loved Only Numbers.
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1] quantum electrodynamics: Feynman, QED, and Farmelo, The Strangest

Man.
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theo/.
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[1] Paul Dirac: For Dirac’ s life and work, see Farmelo, The Strangest
Man. The 1928 paper that introduced the Dirac equation is Dirac, “The

Quantum Theory. ”
[2] In 1931 he published a paper: Dirac, “Quantised Singularities.”
[3] “one would be surprised” : Ibid., T71.

[4] PET scans: Kevles, Naked to the Bone, 201-27, and Higham et al.,
The Princeton Companion, 816 -23.For positrons in PET scanning, see Farmelo,

The Strangest Man, and Rich, “Brief History.”
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[1] Albert Einstein: Isaacson, Einstein, and Pais, Subtle Is the Lord.

2 general relativity: Ferreira, Perfect Theory, and Greene, The

Elegant Universe.

31 strange effect on time: For more on GPS and relativistic effects on
timekeeping, see Stewart, In Pursuit of the Unknown, and
http://www. astronomy. ohio—state. edu/ pogge/Ast162/Unit5/gps. html.

[4] gravitational waves: Levin, Black Hole Blues, is a lyrical book
about the search for gravitational waves.For more background, see
https://brilliant. org/wiki/gravitational-waves/and
https://www. nobelprize. org/nobel prizes/physics/laureates/2017/press. html. Fo
r the role of calculus, computers, and numerical methods in the discovery,
see R. A. Eisenstein, “Numerical Relativity and the Discovery of
Gravitational Waves, ” https://arxiv.org/pdf/1804.07415. pdf.
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