Chapter 13 Vector Error Correction and Vector

Autoregressive Models




Chapter Contents

m 13.1 VEC and VAR Models
m 13.2 Estimating a Vector Error Correction Model
m 13.3 Estimating a VAR Model

m 13.4 Impulse Responses and Variance Decompositions

Principles of Econometrics, 5e Vector Error Correction and Vector Autoregressive Models



Vector Error Correction and Vector

Autoregressive Models 1 of 4

m A priori, unless we have good reasons not to, we could just as easily have assumed

that y, Is the independent variable and X, Is the dependent variable
= Our models could be:
" (13.1a) Y, =By +PuX +€', & ~N (O’Gi)

B (13.1b) X =Py + B, Y, "'etx’ etx = N(O’Gi)
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Vector Error Correction and Vector

Autoregressive Models 2 of 4

m For (13.1a), we say that we have normalized ony
® (meaning that the coefficient in front of y is set to 1)
® (13.1b) we say that we have normalized on x

® (meaning that the coefficient in front of x is set to 1)
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Vector Error Correction and Vector

Autoregressive Models 3 of 4

= \We want to explore the causal relationship between pairs of time-series variables

= \We will discuss the vector error correction (VEC) and vector autoregressive

(VAR) models

= \We will learn how to estimate a VEC model when there is cointegration between

I(1) variables, and how to estimate a VAR model when there is no cointegration
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Vector Error Correction and Vector

Autoregressive Models 4 of 4

= Terminology:

= Univariate analysis examines a single data series

= Bivariate analysis examines a pair of series

® The term vector indicates that we are considering a number of series: two, three,

or more

® The term ““vector’ 1s a generalization of the univariate and bivariate cases
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13.1 VEC and VAR Models 1 of 5

m Consider the system of equations:

" (13.2) Y =B + B Yia T BioXy TV
X = Bzo T BZlyt—l T B22Xt—1 T VtX
m Together the equations constitute a system known as a vector autoregression (VAR)

® |n this example, since the maximum lag is of order 1, we have a VAR(1)
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13.1 VEC and VAR Models 2 of 5

m |fyand x are stationary 1(0) variables, the above system can be estimated using least

squares applied to each equation

m |fyand x are nonstationary I(1) and not cointegrated, then we work with the first

differences:
AY; = BuAY, +BLAX , + VtA ’

m (13.3) N
Axt — BZlAyt—l + BZZAXt—l +Vi
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13.1 VEC and VAR Models 3 of 5

= Consider two nonstationary variables y, and x, that are integrated of order 1 so that:

m (13.4) Y, =By +BX +€

m The VEC model is:

" (13.53) AY, = 0y + 0ty (Ve =By —BiX ) + V!

Axt = Olyy T O(‘Zl(yt—l — ﬁo - let—l) + VtX
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13.1 VEC and VAR Models 4 of 5

= \Which we can expand as:
m (13.5b) Y, = 0y + (0 +1) Y, 5 — 0y By — o B X +V]
X, = Olyg + Oy Yy g — OBy — (0B D)X, +Vy
= The coefficients a,,, a,, are known as error correction coefficients

® They show how much Ay, and Ax; respond to the cointegrating error

Ye—1 — Bo — B1Xt—1 = €4
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13.1 VEC and VAR Models 5 of 5

m [ ct’s consider the role of the intercept terms

m Collect all the intercept terms and rewrite (13.5b) as:
= (13.5¢) Yi = (a‘lO - OLllﬁo) + ((111 T 1) Yioa — alllet—l T Vty

X, = (0 —0pBo) + 0l Yy — (0B —1) Xy + V]
m |f we estimate each equation by least squares, we obtain estimates of composite terms

(@19 — @11 Bp) and(azo — az1fo)
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13.2 Estimating a Vector Error

Correction Model

® There are many econometric methods to estimate the error correction model
m A two-step least squares procedure Is:

m Use least squares to estimate the cointegrating relationship and generate the

lagged residuals

m Use least squares to estimate the equations:
= (13.6a) Ay, =0, +0,6  +V,

m (13.6b) AX, =0l + 0,6 + V)
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FIGURE 13.1 Real gross domestic

product (GDP = 100 in 2000)
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EXAMPLE 13.1 VEC Model for GDP

1 of 2

® To check for cointegration we obtain the fitted equation (the intercept term is

omitted because It has no economic meaning):

= (13.7) A =0.985U,

m A formal unit root test is performed and the estimated unit root test equation is:

" (138) A€ =-128¢_,
(tau) (-—2.889)
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FIGURE 13.2 Residuals derived from

the cointegrating relationship.
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EXAMPLE 13.12VI1§(23 Model for GDP
O

® The estimated VEC model for {A,, U} Is:

AA =0.492 —0.0996,

. (139 () (-2.077)

AU, =0.510+0.0308,
(t) (0.789)
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13.3 Estimating a VAR Model

= The VEC is a multivariate dynamic model that incorporates a cointegrating equation

m |t is relevant when, for the bivariate case, we have two variables, say y and X, that

are both I1(1), but are cointegrated

= \We now ask: what should we do if we are interested in the interdependencies

between y and x, but they are not cointegrated?
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EXAMPLE 13.2 VAR Model for

Consumption and Income
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m The logarithms of real personal disposable income (RPDI)
and real personal consumption expenditure (RPCE).
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EXAMPLE 13.2 VAR Model for

Consumption and Income 1 of 3

m Testing for cointegration yields the following results:

6 =C, +0.543—1.049Y,

= (13.10
(1310 A& =-0.2038_, —0.290A8, ,

(t) (-3.046)

m An intercept term has been included to capture the component of (log) consumption

that Is independent of disposable income
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EXAMPLE 13.2 VAR Model for

Consumption and Income 2 of 3

m For illustrative purposes, the order of lag in this example has been restricted to one
® |n general, we should test for the significance of lag terms greater than one

® The results are:
AC, =0.00367 +0.348AC, , +0.131AY,
(t) (487) (402)  (252)

" (13.11b) AY, =0.006+0.475AC,_, —0.217AY,
() (338) (396)  (-325)

= (13.11a)
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EXAMPLE 13.2 VAR Model for

Consumption and Income 3 of 3

m The first equation (13.11a) shows that the quarterly growth in consumption ( AC;) IS
significantly related to its own past value (A C;_4) and also significantly related to

the quarterly growth in last period’s income (A Y;_;)

®m The second equation (13.11b) shows that A Y; is significantly negatively related to
its own past value but significantly positively related to last period’s change in

consumption
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13.4 Impulse Responses and Variance

Decompositions

® Impulse response functions and variance decompositions are techniques that are

used by macroeconometricians to analyze problems such as:
m The effect of an oil price shock on inflation and GDP growth,

® The effect of a change in monetary policy on the economy
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13.4.1 Impulse Response Functions

® Impulse response functions show the effects of shocks on the adjustment path of the

variables
= \\e consider:
m  The Univariate Case

m The Bivariate Case

Principles of Econometrics, 5e Vector Error Correction and Vector Autoregressive Models



13.4.1 Impulse Response Functions:

The Univariate Case 1 of 2

= Consider a univariate series: y, = py,; + V;
® The series Is subject to a shock of size v in period 1

m At time t = 1 following the shock, the value of y in period 1 and subsequent
periods will be: t =1 Y, =pY, +V, =V
t=2,y,=py, =pVv
t=3, y;=pY, =p(py,) =p°V

the shock is v, pv, p°v,...
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13.4.1 Impulse Response Functions:

The Univariate Case 2 of 2

= The values of the coefficients {1, p, p?, ...} are known as multipliers and the time-

path of y following the shock is known as the impulse response function

m To illustrate, assume that p = 0.9 and let the shock be unity: v = 1. According to the

analysis, y will be {1, 0.9, 0.81,...}, approaching zero over time
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FIGURE 13.4 Impulse responses for an AR(1) model
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m Impulse responses for an AR(1) model
y, = 0.9y,_, + ¢, following a unit shock.
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13.4.1 Impulse Response Functions :

The Bivariate Case 1 of 5

m Consider an impulse response function analysis with two time series based on a

bivariate VAR system of stationary variables:

Y =0y +0,, Y,y +O,% , +V/
= (13.12)
X = 820 + 821yt—1 T 622Xt—1 T Vtx
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13.4.1 Impulse Response Functions :

The Bivariate Case 2 of 5

® The mechanics of generating impulse responses in a system is complicated by the

facts that:

1. one has to allow for interdependent dynamics (the multivariate analog of

generating the multipliers)

2. one has to identify the correct shock from unobservable data

= Together, these two complications lead to what is known as the identification

problem

Principles of Econometrics, 5e Vector Error Correction and Vector Autoregressive Models



13.4.1 Impulse Response Functions :

The Bivariate Case 3 of 5

m Consider the case when there is a one—standard deviation shock (alternatively called

an innovation) to y:

1. Whent =1, the effect of a shock of size o, ony Isy; = vly = gy, and the effect on

x; =v7y =0

2. When t = 2, the effect of the shock ony Is: y, = 811y, + 612 = 6110y + 8;,0 =

6110'),

u and the eﬂ:eCt on X |S Xy = 521)’1 + 5223(1 — 5210-3, + 5220 — 5210-3,
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13.4.1 Impulse Response Functions :

The Bivariate Case 4 of 5

3. Whent =3, the effect of the shock ony Is: y3 = 811y, + 8;,x;, = 8,116,110, + 81,6510,
u and the eﬂ:ECt on X |S x3 — 621}/2 + 622x2 — 5216110'3/ + 5225216210-3,
= impulse response to y ony:oy,{1, 811, (611611 + 812821), }

= impulse response toy onx:0,{0, 631, (631011 + 622821), }

Principles of Econometrics, 5e Vector Error Correction and Vector Autoregressive Models



13.4.1 Impulse Response Functions :

The Bivariate Case 5 of 5

Now letv; =o, Vv, =0fort>1 v/ =0 forall t:

t=1 y,=v/ =0
X =V =0,

t=2 vy,=9,Y, +90,% =0,0+0,06, =9,,0,
X, =0, Y, +0,,% =0,,0+0,,6, =0,,0,

impulse response to x ony: 6,{0, 8,,, (8,,8,, +8,,0,,),..}

impulse response to x on x: 6, {1, 8,,, (8,8, +8,,08,),...}
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FIGURE 13.5 Impulse responses to

standard deviation shock
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13.4.2 Forecast Error VVariance

Decompositions

® Another way to disentangle the effects of various shocks is to consider the

contribution of each type of shock to the forecast error variance
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13.4.2 Forecast Error Variance Decompositions:

Univariate Analysis 1 of 2

= Consider a univariate series: y, = pYy,; + V,

® The best one-step-ahead forecast (alternatively the forecast one period ahead) is:

Yi = PYiq TV

ytil — Et :pyt + Vt+1]

Yia — Et :yt+l] = Y1 —PY = Vi
ytiz — Et [pyt+1 + Vt+2] — Et [p(pyt + Vt+1) + Vt+2] — pzyt

yt+2 o Et[yt+2] — yt+2 o pzyt — th+1 + Vt+2
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13.4.2 Forecast Error Variance Decompositions:

Univariate Analysis 2 of 2

® In this univariate example, there is only one shock that leads to a forecast error

m The forecast error variance 1S 100% due to 1ts own shock

® The exercise of attributing the source of the variation in the forecast error Is

known as variance decomposition
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13.4.2 Forecast Error VVariance

Decompositions: Bivariate Analysis 1 of 6

® \We can perform a variance decomposition for our special bivariate example where

there Is no identification problem

® |gnoring the intercepts (since they are constants), the one—step ahead forecasts
are:

"y = E[611Ye + S12%; + Uty+1] = 011t + 012%¢

B x{q = E¢[021Y¢ + 822%: + V1] = 621Ye + 8a0x¢

Vector Error Correction and Vector Autoregressive Models
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13.4.2 Forecast Error VVariance

Decompositions: Bivariate Analysis 2 of 6

® The corresponding one-step-ahead forecast errors and variances are

" FE) = Y1 — Et[yeri] = vy var(FE)) = oy

" FE = Xp41 — E¢[Xe41] = v var(FEY) = of
= The two-step ahead forecast for yis: yi., = E;[611Ve41 + O12%e41 + vgﬁz]
Qi Et [611(611yt + 612xt + vg:_l) + 512(621yt + 522xt + vgc+1) + viéy+2

B =6511(611Ye + 612%¢) + 612(621Y: + 622%¢)
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13.4.2 Forecast Error VVariance

Decompositions: Bivariate Analysis 3 of 6

®m The two-step ahead forecast for x Is:
" X{2 = Et[621Ve41 + O22%Xe41 + VE ]

B = E[821(811Ye + 812X + Vi) + 822 (821ye + Sa2x; + V) + Vo]

C— 521(5113’15 + 512xt) + 622(621yt + 522xt)
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13.4.2 Forecast Error VVariance

Decompositions: Bivariate Analysis 4 of 6

® The corresponding two-step-ahead forecast errors and variances are:
s FE) = — Ei[Yeso] = [611V7 4 + 6150 1 +v2)]
2 = Yt+2 tLYVt+2 11V¢ 14 12Vt+1 t+2
" var(FE;) = 862,07 + 8,0% + o
" FEY = X4z — Et[xe42] = [52177ty+1 + 6220741 + Viya]

" var(FE}) = 83,05 + 65,05 + 05
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13.4.2 Forecast Error VVariance

Decompositions: Bivariate Analysis 5 of 6

® This decomposition is often expressed in proportional terms
® The proportion of the two step forecast error variance of y explained by its
“own” shock is: (67,07 + 02) /(62,02 + 62,02 + o)
® The proportion of the two-step forecast error variance of y explained by the

“other”” shock is:(61220,§)/(51210§ + 62,02 + 02)
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13.4.2 Forecast Error VVariance

Decompositions: Bivariate Analysis 6 of 6

= Similarly, the proportion of the two-step forecast error variance of x explained by its
own shock is: (62,07 + 07) /(62,02 + 63,02 + 02)

m The proportion of the forecast error of x explained by the other shock is:

(6221033)/(6221033 + 82,02 + o)
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13.4.2 Forecast Error VVariance

Decompositions: The General Case

m Contemporaneous interactions and correlated errors complicate the
Identification of the nature of shocks and hence the interpretation of the

Impulses and decomposition of the causes of the forecast error variance
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