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Simultaneous Equations 
Models 

Principles of Econometrics, 5e 

 We will consider econometric models for data that are jointly determined by two or 

more economic relations 

 These simultaneous equations models differ from those previously studied 

because in each model there are two or more dependent variables rather than just 

one 

 Simultaneous equations models also differ from most of the econometric models 

we have considered so far, because they consist of a set of equations 
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11.1 A Supply and Demand Model 
1 of 6 

Principles of Econometrics, 5e 

 A very simple supply and demand model might look like: 

 (11.1) 

 (11.2) 

 It takes two equations to describe the supply and demand equilibrium 

 The two equilibrium values, for price and quantity, P* and Q*, respectively, are 

determined at the same time 
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Demand:   𝑄 = 𝛼1𝑃 + 𝛼2𝑋 + 𝑒𝑑 

Supply:    𝑄 = 𝛽1𝑃 + 𝑒𝑠 



11.1 A Supply and Demand Model 
2 of 6 

Principles of Econometrics, 5e 

 In this model the variables P and Q are called endogenous variables because their 

values are determined within the system we have created 
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11.1 A Supply and Demand Model 
3 of 6 

Principles of Econometrics, 5e 

 The endogenous variables P and Q are dependent variables and both are random 

variables 

 The income variable X has a value that is determined outside this system 

 Such variables are said to be exogenous, and these variables are treated like 

usual ‘‘x’’ explanatory variables 
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11.1 A Supply and Demand Model 
4 of 6  

Principles of Econometrics, 5e 

 We refer to all the values of 𝑋𝑖 as 𝑋, where 𝑋 =(𝑋1 , 𝑋2 ,…, 𝑋𝑁) . Then 

 (11.3)   𝐸 𝑒𝑑𝑖 𝑋 = 0,   𝐸 𝑒𝑠𝑖 𝑋 = 0 

  Any value of the exogenous variable 𝑋𝑗 is uncorrelated with the error terms in the demand 

and supply equations cov 𝑒𝑑𝑖 , 𝑋𝑗 = 0 and cov(𝑒𝑠𝑖 , 𝑋𝑗) = 0 

 The error terms in the demand and supply equations are assumed to be homoscedastic, 

var 𝑒𝑑𝑖 𝑋 = 𝜎𝑑
2, and var(𝑒𝑠𝑖|𝑋) = 𝜎𝑠

2 
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11.1 A Supply and Demand Model 
5 of 6  

Principles of Econometrics, 5e 

 An ‘‘influence diagram’’ is a graphical representation of relationships between 

model components 

 The fact that P is an endogenous variable on the right-hand side of the supply and 

demand equations means that we have an explanatory variable that is random 

 This is contrary to the usual assumption of ‘‘fixed explanatory variables’’ 
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11.1 A Supply and Demand Model 
6 of 6  

Principles of Econometrics, 5e 

 The problem is that the endogenous regressor P also contemporaneously 

correlated with the random errors in the demand and supply equations 

 When an explanatory variable is contemporaneously correlated with the regression 

error term then the OLS estimator is biased and inconsistent  
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11.1 Influence Diagrams 

Principles of Econometrics, 5e 10 Simultaneous Equations Models 



11.2 The Reduced-Form Equations 
1 of 4 

Principles of Econometrics, 5e 

 The two structural equations (11.1) and (11.2) can be solved to express the 

endogenous variables P and Q as functions of the exogenous variable X 

 This reformulation of the model is called the reduced form of the structural 

equation system 

 The reduced form is very important in its own right, and also helps us understand 

the structural equation system 
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11.2 The Reduced-Form Equations 
2 of 4 

Principles of Econometrics, 5e 

 To solve for P, set Q in the demand and supply equations to be equal: 

 

 Solve for 𝑃𝑖: 

 (11.4) 

 To solve for 𝑄𝑖 , substitute the value of 𝑃𝑖 in (11.4) into either the demand or supply 

equation 
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𝛽1𝑃𝑖 + 𝑒𝑠𝑖 = 𝛼1𝑃𝑖 + 𝛼2𝑋𝑖 + 𝑒𝑑𝑖 

𝑃𝑖 =
𝛼2
𝛽1 − 𝛼1

𝑋𝑖 +
𝑒𝑑𝑖 − 𝑒𝑠𝑖
𝛽1 − 𝛼1

= 𝜋1𝑋𝑖 + 𝑣1𝑖 



11.2 The Reduced-Form Equations 
3 of 4 

Principles of Econometrics, 5e 

 The supply equation is simpler, so substitute 𝑃𝑖 into (11.2) and simplify: 

 

 (11.5) 

 

 The parameters 𝜋1 and 𝜋2 in equations (11.4) and (11.5) are called reduced-form 

parameters. The error terms 𝑣1𝑖 and 𝑣2𝑖 are called reduced-form errors 
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𝑄𝑖 = 𝛽1𝑃𝑖 + 𝑒𝑠𝑖 = 𝛽1
𝛼2
𝛽1 − 𝛼1

𝑋 +
𝑒𝑑𝑖 − 𝑒𝑠𝑖
𝛽1 − 𝛼1

+ 𝑒𝑠𝑖

=
𝛽1𝛼2
𝛽1 − 𝛼1

𝑋 +
𝛽1𝑒𝑑𝑖 − 𝛼1𝑒𝑠𝑖
𝛽1 − 𝛼1

= 𝜋2𝑋𝑖 + 𝑣2𝑖

 



11.2 The Reduced-Form Equations 
4 of 4 

Principles of Econometrics, 5e 

 The reduced-form equations (11.4) and (11.5) have an endogenous variable on the 

left-hand side and exogenous variables, and a random error term, on the right-hand 

side 

 The terms reduced-form equation and first-stage equation are interchangeable 

 The reduced-form equations are important for economic analysis 

 These equations relate the equilibrium values of the endogenous variables to the 

exogenous variables 
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11.3 The Failure of Least Squares 
Estimation 

Principles of Econometrics, 5e 

 The least squares estimator of parameters in a structural simultaneous equation is 

biased and inconsistent because of the correlation between the random error and the 

endogenous variables on the right-hand side of the equation 

  The least squares estimator of 𝛽1 will understate the true parameter value in this 

model, because of the negative contemporaneous correlation between the 

endogenous variable 𝑃i and the error term 𝑒si 
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11.3.1 Proving the Failure of OLS 
1 of 2 

Principles of Econometrics, 5e 

 First obtain the conditional covariance between 𝑃i and 𝑒𝑠i 

 

 The OLS estimator of the supply equation (11.2) is 

  Substitute for Q from the reduced-form equation (11.5) and simplify 

 The expected value of the least squares estimator is: 
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cov(𝑃𝑖𝑒𝑠𝑖|𝑋) = 𝐸[𝑃𝑖 − 𝐸(𝑃𝑖|𝑋)][𝑒𝑠𝑖 − 𝐸(𝑒𝑠𝑖|𝑋)|𝑋] 

𝑏1 =
 𝑃𝑖 𝑄𝑖

 𝑃𝑖
2  



11.3.1 Proving the Failure of OLS 
2 of 2 

Principles of Econometrics, 5e 

 Expected value of the sum is sum of expected values 

 

  Expected value terms in the sum are not zero  ≠ 𝛽1 

 All we can really conclude is that the least squares estimator is biased, because 𝑒𝑠𝑖 

and 𝑃𝑖 are contemporaneously correlated 
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𝐸(𝑏1|𝑋) = 𝛽1 + 𝐸
𝑃𝑖𝑒𝑠𝑖

 𝑃𝑖
2 |𝑋  



11.4 The Identification Problem 1 of 3 

Principles of Econometrics, 5e 

 In the supply and demand model given by equations (11.1) and (11.2): 

  The parameters of the demand equation, α1and α2, cannot be consistently estimated 

by any estimation method 

 The slope of the supply equation, β1, can be consistently estimated 

 It is the absence of variables in one equation that are present in another equation that 

makes parameter estimation possible 
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Figure 11.4 The Effect of Changing 
Income 

Principles of Econometrics, 5e 19 Simultaneous Equations Models 



11.4 The Identification Problem 2 of 3 

Principles of Econometrics, 5e 

 A general rule, which is called a necessary condition for identification of an 

equation, is: 

 A NECESSARY CONDITION FOR IDENTIFICATION: In a system of M 

simultaneous equations, which jointly determine the values of M endogenous 

variables, at least M - 1 variables must be absent from an equation for estimation of 

its parameters to be possible 
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11.4 The Identification Problem 3 of 3 

Principles of Econometrics, 5e 

 When estimation of an equation’s parameters is possible, then the equation is said to 

be identified, and its parameters can be estimated consistently.  

 If fewer than M - 1variables are omitted from an equation, then it is said to be 

unidentified, and its parameters cannot be consistently estimated 

 The identification condition must be checked before trying to estimate an equation 

 If an equation is not identified, then changing the model must be considered before 

it is estimated 
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11.5 Two-Stage Least Squares 
Estimation 1 of 4 

Principles of Econometrics, 5e 

 The most widely used method for estimating the parameters of an identified 

structural equation is called two-stage least squares 

 This is often abbreviated as 2SLS  

 The name comes from the fact that it can be calculated using two OLS regressions 

 Recall that we should not apply the usual OLS procedure to estimate β1 in this 

equation because the endogenous variable Pi on the right-hand side of the equation 

is contemporaneously correlated with the error term esi 
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11.5 Two-Stage Least Squares 
Estimation 2 of 4 

Principles of Econometrics, 5e 

 The reduced-form model is: (11.16) 

 Suppose we know 𝐸 𝑃𝑖 𝑋𝑖  

 Then through substitution: 

 (11.7) 

 We can estimate 𝑃𝑖|𝑋𝑖  using π1  from the reduced-form equation for 𝑃𝑖 

 A consistent estimator for E(𝑃𝑖|𝑋𝑖) is: 
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𝑃𝑖 = 𝐸(𝑃𝑖|𝑋𝑖) + 𝑣1𝑖 

𝑄𝑖 = 𝛽1 𝐸 𝑃𝑖|𝑋𝑖 + 𝑣1𝑖 + 𝑒𝑠𝑖 = 𝛽1𝐸 𝑃𝑖|𝑋𝑖 + 𝛽1𝑣1𝑖 + 𝑒𝑠𝑖  

𝑃 𝑖 = 𝜋 1𝑋𝑖 



11.5 Two-Stage Least Squares 
Estimation 3 of 4 

Principles of Econometrics, 5e 

 Then: 

 (11.8) 

 Estimating equation (11.8) by least squares generates the  two-stage least squares 

estimator of β1 

 which is consistent and asymptotically normal 

 Because the two-stage least squares estimator is consistent it converges to the true 

value in large samples 
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𝑄 = 𝛽1𝑃 𝑖 + 𝑒∗𝑖 



11.5 Two-Stage Least Squares 
Estimation 4 of 4 

Principles of Econometrics, 5e 

 The two stages of the estimation procedure are: 

1. Least squares estimation of the reduced-form equation for 𝑃𝑖 and the 

calculation of its predicted value 𝑃 𝑖 

2. Least squares estimation of the structural equation in which the right-hand-side 

endogenous variable is replaced by its predicted value 𝑃 𝑖 
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11.5.1 The General Two-Stage Least 
Squares Estimation Procedure 1 of 4 

Principles of Econometrics, 5e 

 Suppose the first structural equation in a system of M=3 simultaneous equations is: 

 (11.9) 𝑦1𝑖 = 𝛼2𝑦𝑖2 + 𝛼3𝑦𝑖3 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2 + 𝑒𝑖1 

 If this equation is identified, then its parameters can be estimated in the two steps: 

1. Estimate the parameters of the reduced-form equations 
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𝑦𝑖2 = 𝜋12𝑥𝑖1 + 𝜋22𝑥𝑖2 +⋯+ 𝜋𝐾2𝑥𝑖𝐾 + 𝑣𝑖2
𝑦𝑖3 = 𝜋13𝑥𝑖1 + 𝜋23𝑥𝑖2 +⋯+ 𝜋𝐾3𝑥𝑖𝐾 + 𝑣𝑖3

 



11.5.1 The General Two-Stage Least 
Squares Estimation Procedure 2 of 4 

Principles of Econometrics, 5e 

 Obtain the predicted values 

 (11.10) 

2. Replace the endogenous variables, yi2 and yi3, on the right-hand side of the 

structural (11.9) by their predicted values from (11.10): 

 

 Estimate the parameters of this equation by least squares 
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𝑦 𝑖2 = 𝜋 12𝑥𝑖1 + 𝜋 22𝑥𝑖2 +⋯+ 𝜋 𝐾2𝑥𝑖𝐾
𝑦 𝑖3 = 𝜋 13𝑥𝑖1 + 𝜋 23𝑥𝑖2 +⋯+ 𝜋 𝐾3𝑥𝑖𝐾

 

𝑦𝑖1 = 𝛼2𝑦 𝑖2 + 𝛼3𝑦 𝑖3 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2 + 𝑒𝑖1
∗  



11.5.1 The General Two-Stage Least 
Squares Estimation Procedure 3 of 4 

Principles of Econometrics, 5e 

 In practice, we should always use software designed for 2SLS or IVs estimation. It 

will correctly carry out the calculations of the 2SLS estimates and their standard 

errors 

 There are M = 3 equations so M − 1 = 2 variables must be omitted from each 

equation 

  The alternative description of the condition for identification is that the number of 

omitted exogenous variables, 𝐾1
∗, must be greater than, or equal to, the number of 

included, right-hand side, endogenous variables 
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11.5.1 The General Two-Stage Least 
Squares Estimation Procedure 4 of 4 

Principles of Econometrics, 5e 

 Keep in mind that 

1. Two-stage least squares and IVs estimation are identical 

2. IVs, or just instruments, are exogenous variables that do not appear in the 

equation. Instruments are excluded exogenous variables 

3. The reduced-form equations in simultaneous equations modeling are the first-

stage equations in IVs, two-stage least squares, estimation 
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11.5.2 The Properties of the Two-Stage 
Least Squares Estimator 1 of 2 

Principles of Econometrics, 5e 

 The properties of the two-stage least squares estimator are as follows: 

 The 2SLS estimator is a biased estimator, but it is consistent 

 In large samples the 2SLS estimator is approximately normally distributed 

 The variances and covariances of the 2SLS estimator are unknown in small 

samples, but for large samples we have expressions for them that we can use as 

approximations 
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11.5.2 The Properties of the Two-Stage 
Least Squares Estimator 2 of 2 

Principles of Econometrics, 5e 

 If you obtain 2SLS estimates by applying two least squares regressions using 

ordinary least squares regression software, the standard errors and t-values 

reported in the second regression are not correct for the 2SLS estimator 
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EXAMPLE 11.1 Supply and Demand 
for Truffles 

Principles of Econometrics, 5e 32 Simultaneous Equations Models 

 Consider a supply and demand model for truffles: 

 (11.11) 

 (11.12) 

 In the demand equation Q is the quantity of truffles traded in a particular French 

marketplace, indexed by I 

 P is the market price of truffles, PS is the market price of a substitute for real truffles 

 PF, the price of a factor of production 

Demand:  𝑄𝑖 = 𝛼1 + 𝛼2𝑃𝑖 + 𝛼3𝑃𝑆𝑖 + 𝛼4𝐷𝐼𝑖 + 𝑒𝑑𝑖 

Supply:  𝑄𝑖 = 𝛽1 + 𝛽2𝑃𝑖 + 𝛽3𝑃𝐹𝑖 + 𝑒𝑠𝑖 



EXAMPLE 11.1 Supply and Demand 
for Truffles: Identification 

Principles of Econometrics, 5e 33 Simultaneous Equations Models 

 The rule for identifying an equation is: 

 In a system of M equations at least M - 1 variables must be omitted from each 

equation in order for it to be identified 

 In the demand equation the variable PF is not included; thus the necessary M – 1 

= 1 variable is omitted 

 In the supply equation both PS and DI are absent; more than enough to satisfy 

the identification condition 

 



EXAMPLE 11.1 Supply and Demand for 
Truffles: The reduced-form equations 

Principles of Econometrics, 5e 34 Simultaneous Equations Models 

 The reduced-form equations express each endogenous variable, P and Q, in terms of 

the exogenous variables PS, DI, PF, and the intercept, plus an error term 

 They are: 

 

 

 We can estimate these equations by OLS since the right-hand side variables are 

exogenous and contemporaneously uncorrelated with the random errors vi1 and vi2 

 

𝑄𝑖 = 𝜋11 + 𝜋21𝑃𝑆𝑖 + 𝜋31𝐷𝐼𝑖 + 𝜋41𝑃𝐹𝑖 + 𝑣𝑖1
𝑃𝑖 = 𝜋12 + 𝜋22𝑃𝑆𝑖 + 𝜋32𝐷𝐼𝑖 + 𝜋42𝑃𝐹𝑖 + 𝑣𝑖2

 



Table 11.1 Representative Truffle Data 
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Table 11.2a Reduced Form for Quantity of 
Truffles (Q) 
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Table 11.2b Reduced Form for Price of 
Truffles (P) 
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EXAMPLE 11.1 Supply and Demand 
for Truffles: The Structural Equations 

Principles of Econometrics, 5e 38 Simultaneous Equations Models 

 A From Table 11.2b we have: 

 

 

 

 

𝑃 𝑖 = 𝜋 12 + 𝜋 22𝑃𝑆𝑖 + 𝜋 32𝐷𝐼𝑖 + 𝜋 42𝑃𝐹𝑖
= −32.512  + 1.708𝑃𝑆𝑖   +  7.603𝐷𝐼𝑖   +  1.354𝑃𝐹𝑖

 



Table11.3b 2SLS Estimates for Truffle 
Supply 
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EXAMPLE 11.2 Supply and Demand 
at the Fulton Fish Market 1 of 8 

Principles of Econometrics, 5e 40 Simultaneous Equations Models 

 If supply is fixed, with a vertical supply curve, then price is demand-determined 

 Higher demand leads to higher prices but no increase in the quantity supplied 

 If this is true, then the feedback between prices and quantities is eliminated 

 Such models are said to be recursive and the demand equation can be estimated by 

ordinary least squares rather than the more complicated two-stage least squares 

procedure 



EXAMPLE 11.2 Supply and Demand 
at the Fulton Fish Market 2 of 8 

Principles of Econometrics, 5e 41 Simultaneous Equations Models 

 A key point is that ‘‘simultaneity’’ does not require that events occur at a 

simultaneous moment in time 

 Specify the demand equation for this market as: 

 (11.13) 

 𝑄𝑈𝐴𝑁𝑡 is the quantity sold, in pounds 

 𝑃𝑅𝐼𝐶𝐸𝑡 is the average daily price per pound, 𝛼2 is the price elasticity of demand 

ln 𝑄𝑈𝐴𝑁𝑡 = 𝛼1 + 𝛼2ln 𝑃𝑅𝐼𝐶𝐸𝑡 + 𝛼3𝑀𝑂𝑁𝑡 + 𝛼4𝑇𝑈𝐸𝑡 + 𝛼5𝑊𝐸𝐷𝑡
                      + 𝛼6𝑇𝐻𝑈𝑡 + 𝑒𝑡

𝑑  



EXAMPLE 11.2 Supply and Demand 
at the Fulton Fish Market 3 of 8 

Principles of Econometrics, 5e 42 Simultaneous Equations Models 

 The supply equation is: 

 (11.14) 

 β2 is the price elasticity of supply 

 The necessary condition for an equation to be identified is that in this system of M = 

2 equations, it must be true that at least M – 1 = 1 variable must be omitted from 

each equation  

 

ln 𝑄𝑈𝐴𝑁t = 𝛽1 + 𝛽2ln 𝑃𝑅𝐼𝐶𝐸𝑡 + 𝛽3𝑆𝑇𝑂𝑅𝑀𝑌𝑡 + 𝑒𝑠𝑡 



EXAMPLE 11.2 Supply and Demand 
at the Fulton Fish Market 4 of 8 

Principles of Econometrics, 5e 43 Simultaneous Equations Models 

 In the demand equation the weather variable STORMY is omitted, and it does appear 

in the supply equation 

  In the supply equation, the four daily indicator variables that are included in the 

demand equation are omitted 

 Thus the demand equation shifts daily, while the supply remains fixed 

 since the supply equation does not contain the daily indicator variable 



EXAMPLE 11.2 Supply and Demand 
at the Fulton Fish Market 5 of 8 

Principles of Econometrics, 5e 44 Simultaneous Equations Models 

 The reduced-form equations specify each endogenous variable as a function of all 

exogenous variables: 

 (11.15) 

 

 (11.16) 

 

ln 𝑄𝑈𝐴𝑁𝑡 = 𝜋11 + 𝜋21𝑀𝑂𝑁𝑡 + 𝜋31𝑇𝑈𝐸𝑡 + 𝜋41𝑊𝐸𝐷𝑡 + 𝜋51𝑇𝐻𝑈𝑡
                            + 𝜋61𝑆𝑇𝑂𝑅𝑀𝑌𝑡 + 𝑣𝑡1

 

ln 𝑃𝑅𝐼𝐶𝐸𝑡 = 𝜋12 + 𝜋22𝑀𝑂𝑁𝑡 + 𝜋32𝑇𝑈𝐸𝑡 + 𝜋42𝑊𝐸𝐷𝑡 + 𝜋52𝑇𝐻𝑈𝑡
+𝜋62𝑆𝑇𝑂𝑅𝑀𝑌𝑡 + 𝑣𝑡2

 



Table11.4a Reduced Form for ln(Quantity) 
Fish 

Principles of Econometrics, 5e 45 Simultaneous Equations Models 



Table11.4b Reduced Form for ln(Price) 
Fish 
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EXAMPLE 11.2 Supply and Demand 
at the Fulton Fish Market 6 of 8 

Principles of Econometrics, 5e 47 Simultaneous Equations Models 

 The key reduced-form equation is (11.16) for ln(PRICE): 

 To identify the supply curve, the daily indicator variables must be jointly significant 

 To identify the demand curve, the variable STORMY must be statistically significant 

 The supply has a significant shift variable, so that we can reliably estimate the 

demand equation 

 The two-stage least squares estimator performs very poorly if the shift variables 

are not strongly significant 



EXAMPLE 11.2 Supply and Demand 
at the Fulton Fish Market 7 of 8 

Principles of Econometrics, 5e 48 Simultaneous Equations Models 

 To implement two-stage least squares, we take the predicted value from the reduced-

form regression and include it in the structural equations in place of the right-hand-

side endogenous variable: 

 ln 𝑃𝑅𝐼𝐶𝐸𝑡 =𝜋 12 + 𝜋 22𝑀𝑂𝑁𝑡 + 𝜋 32𝑇𝑈𝐸𝑡 + 𝜋 42𝑊𝐸𝐷𝑡 + 𝜋 52𝑇𝐻𝑈𝑡
+𝜋 62𝑆𝑇𝑂𝑅𝑀𝑌𝑡
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 If the coefficients on the daily indicator variables are all identically zero, then: 

 

 If we replace ln(PRICE) in the supply equation (Eq. 11.14) with this predicted value, 

there will be exact collinearity between                     and the variable STORMY, 

which is already in the supply equation 

  Two-stage least squares will fail 

ln 𝑃𝑅𝐼𝐶𝐸𝑡 =𝜋 12 + 𝜋 62𝑆𝑇𝑂𝑅𝑀𝑌𝑡 

ln 𝑃𝑅𝐼𝐶𝐸  



TABLE 11.5 2SLS Estimates for Fish 
Demand 
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 The model has three equations: 

 there are eight endogenous variables and eight exogenous variables 

  The first equation is a consumption function, in which aggregate consumption in 

year t 

 𝐶𝑁𝑡 is related to total wages earned by all worker 

 𝑊𝑡 Total wages are divided into wages of workers earned in the private sector + 

public sector 
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 In addition, consumption expenditures are related to nonwage income (profits) in the 

current year, 𝑃𝑡, which are endogenous, and profits from the previous year 

 The consumption function is  

 (11.17) 

 In the consumption equation, 𝑊1𝑡 and 𝑃𝑡 are endogenous and contemporaneously 

correlated with the random error 𝑒𝑡 

 wages in the public sector, 𝑊2𝑡, are set by public authority and are assumed 

exogenous and uncorrelated with the current period random error 𝑒1𝑡 

 

𝐶𝑁𝑡 = 𝛼1 + 𝛼2(𝑊1𝑡 +𝑊2𝑡) + 𝛼3𝑃𝑡 + 𝛼4𝑃𝑡−1 + 𝑒1𝑡 
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 The second equation in the model is the investment equation. Net investment, It , is 

specified to be a function of current and lagged profits, 𝑃𝑡 , and 𝑃𝑡−1 

 as well as the capital stock at the end of the previous year, 𝐾𝑡−1 

 This lagged variable is predetermined and treated as exogenous 

 The investment equation is: 

 (11.18) 𝐼𝑡 = 𝛽1 + 𝛽2𝑃𝑡 + 𝛽3𝑃𝑡−1 + 𝛽4𝐾𝑡−1 + 𝑒2𝑡 



EXAMPLE 11.3 Klein’s Model I 
4 of 5 

Principles of Econometrics, 5e 54 Simultaneous Equations Models 

 There is an equation for wages in the private sector, 𝑊1𝑡 

  Let 𝐸𝑡 = 𝐶𝑁𝑡 + 𝐼𝑡 + (𝐺𝑡 −𝑊2𝑡) 

 𝐺𝑡 is government spending 

 Consumption and investment are endogenous and government spending and public 

sector wages are exogenous 

 The sum, 𝐸𝑡 , total national product minus public sector wages, is endogenous 

 Wages are taken to be related to Et and the predetermined variable 𝐸𝑡−1, plus a time 

trend variable 
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 The wage equation is 

 (11.19) 

 In total, there are eight exogenous and predetermined variables, which can be used 

as Ivs 

 Another exogenous variable is the constant term, the “intercept” variable in each 

equation, 𝑋it ≡ 1 

 The predetermined variables are lagged profits, 𝑃t−1, the lagged capital stock, 𝐾t−1, 

and the lagged total national product minus public sector wages, 𝐸t−1 

𝑊1𝑡 = 𝛾1 + 𝛾2𝐸𝑡 + 𝛾3𝐸𝑡−1 + 𝛾4𝑇𝐼𝑀𝐸𝑡 + 𝑒3𝑡 
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